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a b s t r a c t

We consider the problem of allocating applicants to courses, where each applicant
has a subset of acceptable courses that she ranks in strict order of preference. Each
applicant and course has a capacity, indicating the maximum number of courses
and applicants they can be assigned to, respectively. We thus essentially have a
many-to-many bipartite matching problem with one-sided preferences, which has
applications to the assignment of students to optional courses at a university.

We consider additive preferences and lexicographic preferences as two means of
extending preferences over individual courses to preferences over bundles of courses.
We additionally focus on the case that courses have prerequisite constraints: we
will mainly treat these constraints as compulsory, but we also allow alternative
prerequisites. We further study the case where courses may be corequisites.

For these extensions to the basic problem, we present the following algorithmic
results, which are mainly concerned with the computation of Pareto optimal
matchings (POMs). Firstly, we consider compulsory prerequisites. For additive
preferences, we show that the problem of finding a POM is NP-hard. On the other
hand, in the case of lexicographic preferences we give a polynomial-time algorithm
for finding a POM, based on the well-known sequential mechanism. However we
show that the problem of deciding whether a given matching is Pareto optimal
is co-NP-complete. We further prove that finding a maximum cardinality (Pareto
optimal) matching is NP-hard. Under alternative prerequisites, we show that finding
a POM is NP-hard for either additive or lexicographic preferences. Finally we
consider corequisites. We prove that, as in the case of compulsory prerequisites,
finding a POM is NP-hard for additive preferences, though solvable in polynomial
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time for lexicographic preferences. In the latter case, the problem of finding a
maximum cardinality POM is NP-hard and very difficult to approximate.

© 2018 The Authors. Published by Elsevier B.V. This is an open access article
under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Problems involving the allocation of indivisible goods to agents have gained a lot of attention in the
literature, since they model many real scenarios, including the allocation of pupils to study places [2],
workers to positions [3], researchers to projects [4], tenants to houses [5] and students to courses [6], etc.
We assume that agents on one side of the market (pupils, workers, researchers, tenants, students) have
preferences over objects on the other side of the market (study places, positions, projects, courses, etc.) but
not vice versa. In such a setting where the choices of agents are in general conflicting, economists regard
Pareto optimality (or Pareto efficiency) as a basic, fundamental criterion to be satisfied by an allocation.
This concept guarantees that no agent can be made better off without another agent becoming worse off.
A popular and very intuitive approach to finding Pareto optimal matchings is represented by the class of
sequential allocation mechanisms [7–10].

In the one-to-one case (each agent receives at most one object, and each object can be assigned to at
most one agent) this mechanism has been given several different names in the literature, including serial
dictatorship [5,11], queue allocation [12], Greedy-POM [13] and sequential mechanism [9,10], etc. Several
authors independently proved that a matching is Pareto optimal if and only if it can be obtained by the
serial dictatorship mechanism (Svensson in 1994 [12], Abdulkadiroǧlu and Sönmez in 1998 [5], Abraham
et al. in 2004 [13], and Brams and King in 2005 [8]).

In general many-to-many matching problems (agents can receive more than one object, and objects can be
assigned to more than one agent), the sequential allocation mechanism works as follows: a central authority
decides on an ordering of agents (often called a policy) that can contain multiple copies of an agent (up
to her capacity). According to the selected policy, an agent who has her turn chooses her most preferred
object among those that still have a free slot. This approach was used in [9,10], where the properties of the
obtained allocation with respect to the chosen policy and strategic issues are studied.

The serial dictatorship mechanism is a special case of the sequential allocation mechanism where the
policy contains each agent exactly once, and when agent a is dealt with, she chooses her entire most-preferred
bundle of objects. The difficulty with serial dictatorship is that it can output a matching that is highly unfair.
For example, it is easy to see that if there are two agents, each of whom finds acceptable all objects and
has capacity equal to the number of objects, and each object has capacity 1, then the serial dictatorship
mechanism will assign all objects to the first agent specified by the policy and no object to the other agent.

In this paper we shall concentrate on one real-life application of this allocation problem that arises in
education, and so our terminology will involve applicants (students) for the agents and courses for the
objects. In most universities students have some freedom in their choice of courses, but at the same time
they are bound by the rules of the particular university. A detailed description of the rules of the allocation
process and the analysis of the behaviour of students at Harvard Business School, based on real data,
is provided by Budish and Cantillon [6]. They assume that students have a linear ordering of individual
courses and their preferences over bundles of courses are responsive to these orderings. The emphasis in [6]
was on strategic questions. The empirical results confirmed the theoretical findings that, loosely speaking,
dictatorships (where students choose one at a time their entire most preferred available bundle) are the only
mechanisms that are strategy-proof and ex-post Pareto optimal.

Another field experiment in course allocation is described by Diebold et al. [14]. The authors compared
the properties of allocations obtained by the sequential allocation mechanism where the policy is determined
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