Operations Research Letters 46 (2018) 409-413

journal homepage: www.elsevier.com/locate/orl

Contents lists available at ScienceDirect

Operations Research Letters

Operations
Research
Letters

Error bounds for augmented truncation approximations of "

continuous-time Markov chains

Yuanyuan Liu?, Wendi Li ¢, Hiroyuki Masuyama "*
2 School of Mathematics and Statistics, Central South University, 410083, Changsha, China

Check for
updates

b Department of Systems Science, Graduate School of Informatics, Kyoto University, Kyoto 606-8501, Japan

ARTICLE INFO ABSTRACT

Article history:

Received 17 October 2017

Received in revised form 4 April 2018
Accepted 2 May 2018

Available online 9 May 2018

Keywords:

Markov chain

Augmented truncation approximation

Error bound

Poisson equation

Retrial queue

Level-dependent quasi-birth-and-death
process (LD-QBD)

This paper considers the augmented truncation approximation of the generator of an ergodic continuous-
time Markov chain with a countably infinite state space. The main purpose of this paper is to present
bounds for the absolute difference between the stationary distributions of the original generator and
its augmented truncation. As examples, we apply the bounds to an M /M /s retrial queue and an upper
Hessenberg Markov chain.

© 2018 Elsevier B.V. All rights reserved.

1. Introduction

Let {X(t); t > 0} denote an ergodic continuous-time Markov
chain on state space Z, = {0, 1, 2, ... }, which has the generator
Q = (Q(i,)))ijez.. Let m = (7(i))icz, denote the stationary
distribution vector of Q, i.e, tQ = 0 and we = 1, wheree =
(1,1,..)7.

In this paper, we consider the augmented truncation approxi-
mation of Q. To this end, we introduce the northwest-corner trun-
cation of Q. For n € Z4, let (Q = (mQ(i, j))ijez, denote the
(n+ 1) x (n4 1) northwest-corner truncation of Q, i.e., (,)Q(i, j) =
Q(i,j)fori,j € Z,, whereZ, = {0, 1, ...,n}.

Note that (;)Q is a Q-matrix (diagonally dominant matrix with
nonnegative off-diagonal elements and nonpositive row sums;
see [1, Section 2.1, page 64]). The ergodicity of Q implies that
mQe < 0,# 0, ie, ;»Q is not conservative (see [1, Section 2.1,
page 64]). Hence, we augment the elements of (,)Q and extend the
truncated state space Z, to the original one Z, in order to con-
struct a conservative Q -matrix as an approximation to the original
generator Q.
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Forn € Z,, we define (n)d = ((,,)Q(i,j)),-qjebr as a conservative
Q-matrix such that, fori € Z,,

mQi.J) = Q. ) + ¥mi(j) Z Q(i, £), j € Zn, (1a)
£=n41, 04

wQ(i,j) = Qi,i),  i=j€Zn, (1b)

(n)é(ls.]) = 07 l#] € va (]C)

where Z, = {m € Z, : m > n+ 1}, and where v, ;(-) is a

probability distribution on Z, that may depend on (n,i) € Z2.
Clearly, for any fixed (i,j) € Zi, we have limnﬁoo(n)é(i,j) =
Q(i, j). Thus, we refer to (n)é as the n-th order augmented northwest-
corner truncation approximation (called the augmented truncation,
for short) of Q.

In defining (,Q, we append additional elements to (,»Q in a
such way that the resulting Q -matrix (,)Q has the same order (size)
as the original generator Q. This is aimed at performing algebraic
operations involving the original generator Q, e.g., ;»Q — Q.

Such an extension (of the truncated state space Z,) is not
unique. However, (1a)-(1c) imply that the appended states in Zn
are transient and that all the closed communicating classes of () Q
are finite sets in Z,. Therefore, (;)Q has at least one stationary
distribution vector, whose elements in Z, are all equal to zero.

We denote by @ = ()7 (i))iez,, an arbitrary one of the
stationary distribution vectors of (H)Q. For later use, let | - | denote
a matrix (resp. vector) obtained by taking the absolute value of
each element of the matrix (resp. vector) in the vertical bars. For
any row vector u = (u(i))iez, and nonnegative column vector
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v = (V(i)iez, # 0 let |plly = 3y, lu(Dlv(i) = |u|v, which
denotes the v-norm of the row vector u.

The main purpose of this paper is to derive bounds for [T —
7|lg, where g := (g(i))icz, denotes a nonnegative column vector.

For this purpose, we assume the following.

Assumption 1.1 (f-Modulated Drift Condition). There exist some
b € (0, 00), finite set C C Z,, column vectors v := (v(i))icz, > 0
and f := (f(i))icz, > esuchthatvg := infiez, v(i) > 0and

Qv < —f + b1, (2)

where, for any set B C Z,, 1y := (1g(i))icz, denotes a column
vector such that 1(i) = 1fori € Band 1g(i) = 0 fori € Z, \ B.

There have been many studies on the augmentation approxima-
tion (see e.g., [3,4,17,20]). Masuyama [ 13] studied the last-column-
block-augmented truncation (called LC-block-augmented truncation,
for short) of continuous-time block monotone Markov chains
(see [6]). Note that the LC-block-augmented truncation is a special
case of the augmented truncation (;)Q. Masuyama [ 13] presented
some tractable bounds for the total variation distance ||(;)T — 7 ||e
(see [11,12] for discrete-time block-monotone Markov chains and
also see [8,19] for their special cases).

In addition, Masuyama [14] studied the LC-block-augmented
truncation without either any transition structure (such as block
monotonicity) or any speciﬁc ergodicity of Q. However, the fun-
damental bounds for ||(;yT — m||g presented in [14] include an
intractable factor v (see Theorems 2.1 and 2.2 therein).

Recently, Liu and Li [9] derived a bound for || ()T — 7 ||z without
the factor #v under an additional condition that Assumption 1.1
holds for C = {ip} € Z, and v having nondecreasing elements
(see Theorem 6.1 therein).

The main contribution of this paper is to present such bounds
without v in more general settings. The rest of this paper is
divided into two sections. Section 2 presents the main results of
this paper. To illustrate their applicability, Section 3 considers an
M /M /s retrial queue and an upper Hessenberg Markov chain.

2. Main results
2.1. Basic bounds

Let sgn(-) denote the sign function, i.e., sgn(0) = 0 and sgn(x) =
x/|x| forx # 0.Letg := (&(i))icz, denote acolumn vector such that
&(i) = sgn((m7 (i) — (i) - (i),

We then prove the following lemma.

i€Z+.

Lemma 2.1. Under Assumption 1.1, we have

lw® = 7llg = wA(@WQ — Qh,  neZy, (3)
where h = (h(i))icz, denotes a solution of the following Poisson
equation (see, e.g., [5]):

—Qh =g — (ng)e. (4)

Proof. Using (4), (n
nit(mQ — Qh = —(n)ﬁQ’l = (g — (ng)e}

= (T —7m)g = |mT — 7|8,
which yields (3).

Forj € Z,, we define h; := (h;(i))icz, as a column vector such
that, fori € Z,,

7e = 1and (7 mQ = 0, we have

hii) = Ef[/ J§(X(t))dt] — (zg)Eilg], (5)
0

where 7; = inf{t > 0 : X(t) = j}forj € Z; and E;[-] = E[ - |
X(0) = i]fori e Z,. Note that h; is a solution of the Poisson
equation (4) (see [ 14, Lemma B.2]). Thus, Lemma 2.1 implies that

I — 7l = (W@ — Qhy,  (n,)) € Z3. (6)

We now introduce some definitions to bound |h;|. For 8 > 0,

let 84 = (¢'P)(i, j))i jez, denote

oh) =/ ﬂe*ﬂfp(f)dt, (7)
0

where P := (PUY)(i, ) jez, is the transition matrix function of

the Markov chain {X(t)} with generator Q, i.e., P{)(i, j) = P(X(t) =
j 1 X(0) =i)fori,j € Z,. Note here that #) > 0 is a stochastic
matrix due to the ergodicity of Q. For any finite set C C Z,, let m(‘8 )
denote a measure on the Borel o -algebra B(Z, ) of Z, such that, for
j € Zy,

m? () = mP(4j)) =

The following lemma presents a bound for |h;|.

min ¢#)(i, j) > 0. (8)
ieC

Lemma 2.2. [f Assumption 1.1 holds, then, for j € Z,

b
|hj|§K(g)<V+We>, 0<g<f, B>0, 9)
Bme"(j)
where
PO R — (10
infocs, (0) )

Proof. It follows from (5), |g| < g <f andf > e that

Ei[ / ij(xm)dt} S

(1 mfeemfe)) [/ X }
— (g)i X dj|’
« EUO FX(O)dt

where the last equality holds due to (10). Following the derivation
of the bound (2.17) in [14], we can prove that

E,-[ / ij(X(t))dt} < i)+
0

Substituting this into (11) yields (9). O

IA

[hy(0)]

i.jeZy, (11)

i,j€Zy.

Remark 2.1. From (2)and 0 < g < f,we haveng < nf <
by icm(i) < b. Thus, if mg in (10) is intractable, then it can be
replaced by b or b) ;7 (i).

We now arrive at the main theorem of this paper.
Theorem 2.1. Suppose that Assumption 1.1 holds. Let

B = sup min (i, j) = sup mP(j). (12)

jezy 1€C jezy
We then have, for n € Z,
Il —xllg <«® - E)(n), 0<g<f, B>0, (13)
where 8 is given in (10) and

~ b
EP () = i 1mQ — Q| (v + e) : (14)
0 ﬁa(ﬁ)

C
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