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theory. The results established here extend some well-known results in the literature.
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1. Introduction

In practical situations, observed lifetime data often have monotone, bathtub or upside-down bathtub shapes in its hazard
rate. In such cases, a distribution should have considerable flexibility to reflect some of these characteristics and shapes.
For this purpose, two methods can be used. The first method is to use some well-known families of distributions such as
gamma, Weibull and log-normal, which have been studied quite extensively in the literature; see, for example, Johnson,
Kotz, and Balakrishnan (1994, 1995). The second method is to expand a family of distributions by adding a parameter for
more flexibility. This method has been used considerably; for example, the family of Weibull distributions is constructed
by taking powers of exponentially distributed random variables. We shall now recall a known procedure for this purpose.
Suppose G is a baseline distribution function with support R* and corresponding survival function G. Consider the following
distributions:
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Clearly, (1.1) and (1.2) are both valid cumulative distribution functions. Moreover, we may note thatif @ in (1.1) is changed to
1/, we obtain the family of distributions in (1.2). Marshall and Olkin (1997) originally proposed the family of distributions

in(1.1) and studied it for the case when G is a Weibull distribution. When G has probability density and hazard rate functions
as g and rg, respectively, then the hazard rate function corresponding to F in (1.1) is given by

F(x; a) x, o eR", a=1—q. (1.2)

e o) = ————— re(x), x,oeR, a=1—a.

Therefore, one can observe that if r¢(x) is decreasing (increasing) in x, then for 0 < o < 1(a > 1), re(x; ) is also decreasing
(increasing) in x. Moreover, one can observe that rg(x) < re(x; ) for 0 < @ < 1, and re(x; @) < rg(x) for @ > 1. For this
reason, the parameter « in (1.1) is referred to as a tilt parameter (see Marshall and Olkin (2007, p. 242)). Thus, an interesting
property of this extended form of distribution is that it has a flexible hazard function depending on the value of the added
parameter o, which renders this new distribution to be more applicable than the baseline distribution G in many practical
situations. For example, let us use the exponential distribution with G(x) = e~** in (1.1). We then find
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The family of distributions in (1.3) is called the extended exponential distribution with shape parameter « and scale
parameter XA (denoted by EE(«, A)) in the literature. It is of interest to note that while the exponential distribution has a
constant hazard rate, the extended exponential distribution in (1.3) has decreasing hazard rate for « < 1 and increasing
hazard rate for « > 1 (see Marshall and Olkin (1997)). The extension in (1.1) has been used recently to extend several
known distributions; for example, Cordeiro and Lemonte (2012), Gupta, Lvin, and Peng (2010), Hirose (2002), and Marshall
and Olkin (1997) studied the family of distributions in (1.1) when G is either exponential or Weibull distribution. Some other
special cases of (1.1) that have been studied in the literature have considered G to be Pareto (Ghitany, 2005), gamma (Ristic,
Jose, & Ancy, 2007), Lomax (Ghitany, Al-Awadhi, & Al-khalfan, 2007), linear failure-rate (Ghitany & Kotz, 2007), g-Weibull
(Jose, Naik, & Ristic, 2008) and Birnbaum-Saunders (Lemonte, 2013) distributions.

It is worthwhile to note that the distribution functions in (1.1) and (1.2) can be viewed as the distribution functions
of geometric random minima. More precisely, suppose X1, Xo, ... is a sequence of independent and identically distributed
random variables with common distribution function G. Further, let M and N be two random variables which are independent
of the X;’s, with respective probability mass functions P(M = m) = « (1—a)" 'fore < 1,and P(N = n) = % (1-— é)“” for
o > 1,wherem,n=1,2,....Now,set Yi.,y = min(Xy, X5, ..., Xy)and Z;.y = min(Xy, Xo, ..., Xy). Then, it can be verified
that the distribution function of Y.y and Z;.y are precisely the distribution functions in (1.1) and (1.2), respectively. By using
a similar approach, Aly and Benkherouf (2011) restated this problem and studied the distributional properties of Y;.,, when
M has a probability mass function defined on N = {1, 2, .. .}. Interested readers may refer to Kirmani and Gupta (2001) for
a comprehensive discussion on this topic. On the other hand, from (1.1), we readily observe

F(x;o, A) = x,o,heRt,a=1—a. (1.3)

G (1.4)
F(x; a) G(x)

The relation in (1.4) is the so-called proportional odds ratio model which was introduced by Bennett (1983) and used in the
analysis of a lung cancer trial. The close connection between the proportional odds ratio model and the family of distributions
in(1.1) has been discussed in detail by Kirmani and Gupta (2001) and Sankaran and Jayakumar (2006). Some ordering results
in the proportional odds ratio model have been discussed by Gupta and Peng (2009). Further, Li and Zhao (2011) and Nanda
and Das (2011) have considered a mixture version of the odds ratio model when the tilt parameter itself is a random variable
and established some ordering results and aging properties.

The proportional reversed hazard rates (PRHR) and proportional hazard rates (PHR) models are two flexible families of
distributions which have been considered extensively in reliability and survival analysis. Suppose Xy, ..., X; denote the
independent lifetimes of n components of a system with survival functions I:'l, el Fn and distribution functions Fq, ..., F,,
respectively. Then, Xy, ..., X; are said to follow the PHR model if there exist positive constants Ay, ..., A, and a baseline
survival function F(x) such that Fi(x) = F*(x) fori = 1, ..., n. Similarly, Xy, ..., X, are said to follow the PRHR model if
there exist positive constants «q, ..., o, and a baseline distribution function F(x) such that Fj(x) = F*i(x)fori = 1,...,n.
For additional discussion about the PHR and PRHR models, one may refer to Chapter 7 of Marshall and Olkin (2007).

In the following, we utilize the PHR (PRHR) model as baseline model in (1.1) ((1.2)) to define two new models,
referred to as modified proportional hazard rates (MPHR) and modified proportional reversed hazard rates (MPRHR)
models.

Definition 1.1. Suppose Xy, ..., X, are independent lifetimes of n components of a system with respective survival functions
Fy,...,F,. Then, Xy, ..., X, are said to follow the MPHR model with tilt parameter «, modified proportional hazard rates

Please cite this article in press as: Balakrishnan, N., et al., Modified proportional hazard rates and proportional reversed hazard rates models via Marshall-
Olkin distribution and some stochastic comparisons. Journal of the Korean Statistical Society (2017), https://doi.org/10.1016/j.jkss.2017.10.003.




Download English Version:

https://daneshyari.com/en/article/7546249

Download Persian Version:

https://daneshyari.com/article/7546249

Daneshyari.com


https://daneshyari.com/en/article/7546249
https://daneshyari.com/article/7546249
https://daneshyari.com/

