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Multivariate goodness-of-fit on flat and curved spaces
via nearest neighbor distances

Bruno Ebnera,∗, Norbert Henzea, Joseph E. Yukichb,1

aInstitut für Stochastik, Karlsruher Institut für Technologie, Karlsruhe, Germany
bLehigh University, Department of Mathematics, Bethlehem, USA

Abstract

We present a unified approach to goodness-of-fit testing in Rd and on lower-dimensional manifolds embedded in
Rd based on sums of powers of weighted volumes of kth nearest neighbor spheres. We prove asymptotic normality
of a class of test statistics under the null hypothesis and under fixed alternatives. Under such alternatives, scaled
versions of the test statistics converge to the α-entropy between probability distributions. A simulation study shows
that the procedures are serious competitors to established goodness-of-fit tests. The tests are applied to two data sets
of gamma-ray bursts in astronomy.
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1. Introduction and summary

Nearest neighbor methods have been successfully applied in a variety of fields, such as classification [15], density
and regression function estimation [6, 11], and multivariate two-sample testing [18, 33, 39]. Moreover, nearest neigh-
bor methods have also been employed in the context of testing the goodness-of-fit of given data with a distributional
model; see [7, 17, 21].

This paper is devoted to a class of universally consistent goodness-of-fit tests based on nearest neighbors. These
tests can be applied not only to test for uniformity on a compact domain in Rd, but also to test for a specified density
on a m-dimensional manifold embedded in Rd, where m ≤ d. The problem of testing uniformity on manifolds has
been considered in [16, 23]. Here, prominent special cases are testing for uniformity on a circle or on a sphere. For an
overview of existing methods and modern techniques; see Section 6 of each of the monographs [29, 31]. Regarding
related literature to statistics on manifolds, see [5, 12], as well as the references therein.

To be specific, letM denote a C1 m-dimensional manifold embedded in Rd, where m ≤ d.M is endowed with the
subset topology and is a closed subset of Rd. Let dx be the Riemannian volume element onM. A probability density
function on M is a measurable non-negative real-valued function f on M satisfying

∫
M f (x) dx = 1. The support

K( f ) of f is the smallest closed set K ⊂ M such that
∫

K f (x) dx = 1.
Let P(M) denote the class of bounded probability density functions f onM, and write Pb(M) ⊂ P(M) for the

subset of probability density functions f such that K( f ) is compact and either (i) K( f ) has no boundary or (ii) K( f )
is a C1 submanifold-with-boundary of M; we refer to Section 2 of [36] for details. Notice that K( f ) could be an
m-sphere (or any ellipsoid) embedded in Rd. Let Pc(M) denote those probability density functions f ∈ Pb(M) which
are bounded away from zero on their support.
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