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a b s t r a c t

The problem of evaluating a military or GPS/GSM system’s precision quality is considered
in this article, where one sequentially observes bivariate normal data (Xi, Yi)’s andwants to
test hypotheses on the circular error probability (CEP) or the probability of nonconforming,
i.e., the probabilities of the system hitting or missing a pre-specified disk target. In such a
problem, we first consider a sequential probability ratio test (SPRT) developed under the
erroneous assumption of the correlation coefficient ρ = 0, and investigate its properties
when the true ρ ≠ 0. It was shown that at least one of the Type I and Type II error
probabilities would be larger than the required ones if the true ρ ≠ 0, and for the detailed
effects, exp{−2} ≈ 0.1353 turns out to be a critical value for the hypothesized probability
of nonconforming. Moreover, we propose several sequential tests when the correlation
coefficient ρ is unknown, and among these tests, the method of generalized sequential
likelihood ratio test (GSLRT) in Bangdiwala (1982) seems to work well.

© 2015 Elsevier B.V. All rights reserved.

1. Introduction

Our research is motivated by the problem of evaluating a system’s precision quality, which has important applications
in the military science of ballistics, GPS (global positioning system) and GSM (global system for mobile communications).
In a simple setting of such a problem, one observes two-dimensional vector data (Xi, Yi)

′s, and wants to investigate
the probabilities of the system (bombs, missiles, bullets, GPS, GSM, etc.) hitting or missing a pre-specified disk target.
Mathematically,wewant to investigate the circular error probability CEP = P(X2

i +Y 2
i ≤ a2), or equivalently, the probability

of nonconforming, p = P(X2
i + Y 2

i > a2), for some pre-specified constant a > 0, and without loss of generality, we assume
a = 1 hereafter. More formally, the problem of evaluating a system’s precision quality can be formulated as testing the
hypotheses

H0 : p = p0 (‘‘good quality’’) versus H1 : p = p1 (‘‘poor quality’’), (1)

where p0 < p1 are pre-specified constants in (0, 1), see Li et al. (2011).
In some real-world applications such as ballistics, it is often very expensive to collect data, and thus it is desired to use as

few samples as possible to decidewhether the precision quality of the system is good or poor. In the statistical literature, this
type of problem is known as sequential hypothesis testing. For the usual statistical tests the sample size is fixed before the
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data are taken, but for a sequential test the total sample size depends on the data and is thus a random variable. Sequential
tests are often economical in the sense that we may reach a decision earlier via a sequential test than via a fixed sample
size test on average. The sequential test was first investigated byWald (1945), and since then it has undergone tremendous
growth over the past seventy years and has been widely used in applications such as clinical trials and industrial quality
control, see Siegmund (1985), Lai (2001) and Tartakovsky et al. (2014) for reviews. In the standard formulation of sequential
hypothesis testing,wewant to use as few samples as possible to decidewhich hypothesis in (1) is true, subject to the classical
constraints on Type I and Type II error probabilities:

Pp=p0 (Reject H0) ≤ α and Pp=p1( Reject H1) ≤ β, (2)

where α and β are pre-specified bounds (usually 0 < α, β < 0.5).
For the sequential hypothesis testing problem in (1) and (2), two existing methods have been proposed in the context

of the circular error probability (CEP), see Li et al. (2011). The first one is a naive approach that is based on the Bernoulli
data Zi = 1(X2

i + Y 2
i > 1), where 1(·) is an indicator function. This is a robust nonparametric approach in the sense

that it does not make any assumptions on the underlying distributions of two-dimensional vector data (Xi, Yi)’s, but
unfortunately it is rarely used in practice as it needs larger sample sizes on average to make any decisions. The second
method, proposed in Li et al. (2011), is a parametric sequential probability ratio test (SPRT) developed under the assumption
that the observations (Xi, Yi)

′s are independent and identically distributed (i.i.d.) according to a specific bivariate normal
distribution N((0, 0), σ 2I2×2), where I2×2 is a 2 × 2 identity matrix. However, in a concrete application for the problem
in (1) and (2) with p0 = 0.1 and p1 = 0.4, Li et al. (2011) found that their proposed parametric SPRT rejects the null
hypothesis H0 : p = 0.1 after only taking n = 6 observations even though all the 6 observations (Xi, Yi)’s fall inside the
disk X2

i + Y 2
i ≤ 1. In other words, it declares that the system’s precision quality is poor, although the empirical observed

probability of nonconforming is p̂ = 0. Such a disparity has a profound impact in applications to the producers and users of
the system, as it can lead completely different conclusions on the precision quality of the system. Assumptions are important
in statistical procedures, and thus it is interesting to investigate the effect of the specificN((0, 0), σ 2I2×2)model assumption
on the sequential testing problem in (1) and (2).

Note that in the CEP context, it is standard to assume that the (Xi, Yi)’s are i.i.d. bivariate normal with E(Xi) = 0 and
E(Yi) = 0, as practitioners often adjust the bias of experiment outcomes so as to focus on the precision itself, see Fraser
(1951), Fraser (1953), Solomon (1960), Harter (1960), Gillis (1991), Pyati (1993) and Shnidman (1995). Below we took a
closer look at those 6 observed data (Xi, Yi)’s in Li et al. (2011). For this dataset, the point estimates of E(Xi), E(Yi), Var(Xi),
Var(Yi), and ρ = corr(X1, Yi) are −0.148, 0.312, 0.326, 0.306 and 0.172, respectively. Hence, the assumptions of equal
variances (i.e., Var(Xi) = Var(Yi)) and zero means (i.e., E(Xi) = E(Yi) = 0) seem to be reasonable, as E(Xi) and E(Yi) seem
to be not significantly different from 0 given the observed variance values. However, the assumption of the correlation
coefficient ρ = corr(X1, Yi) = 0 seems questionable. We took a further step to use Fisher’s transformation to find that the
95% confidence interval on ρ is [−0.65, 0.81], butwe feel that such awide confidence interval is due to the small sample size
of 6, and does not necessarily prove that ρ is 0. In addition, we should also mention that some weak correlations between
Xi’s and Yi’s for GPS datawere also observed in Amiri-Simkooei (2009) based on the time series datasets from five permanent
GPS stations—the correlation coefficients of the (north and east) coordinate components of GPS data are estimated as
−0.06,−0.05, 0.07, 0.08 and 0.10 for these five stations, respectively, and Amiri-Simkooei (2009) suspects that these weak
correlations were intrinsic for GPS due to the simultaneous estimation of (north and east) coordinate components from
the same dataset. Based on the above discussions, it is natural to investigate what happens to the sequential hypothesis
testing problem in (1) and (2) under the bivariate normal model with zero means and equal variances when the correlation
coefficient ρ between Xi and Yi is small but not necessarily zero.

The primary objective of this paper is to understand the effect of misusing the correlation coefficient ρ = 0 in the
sequential hypothesis testing problem in (1) and (2). Intuitively, when the correlation coefficient ρ is not zero, but ρ = 0
is erroneously assumed to develop a mis-specified SPRT, called mis-SPRT thereafter, for the problem in (1) and (2), the
probabilities of Type I and Type II errors and the average sample numbers of the mis-SPRT will be different from what they
should be under ρ = 0. Here we will conduct a theoretical analysis to not only justify our intuition, but also gain a deeper
understanding how the properties of the mis-SPRT vary as a function of ρ when ρ is small. Our results indicate that when
the true correlation coefficient ρ ≠ 0, the stopping of the mis-SPRT is meaningless in the sense that the observed data still
cannot provide enough evidence to decide which hypothesis in (1) is true subject to the Type I and Type II error probability
constraints in (2).

A closely related objective of this paper is to develop a sequential test when the correlation coefficient ρ is unknown.
While the sequential hypothesis testing problem with unknown nuisance parameters have been well studied in the
literature, see, Wald (1947), to the best of our knowledge, no sequential tests have been developed in the context of CEP for
two-dimensional random vector data. The main challenge is the computational complexity in the context of CEP when the
correlation coefficient ρ ≠ 0. Here we demonstrate how to modify several existing sequential methods to the CEP context,
and hopefully it will stimulate further research on sequential tests for CEP.

We should mention that the case of model or distributional mis-specification has been investigated in the statistical
literature, thoughmost, if not all, on the offline fixed-sample setting. For instance, Foutz and Srivastava (1977) considers the
property of the fixed-sample likelihood ratio test when the (normal distribution) model is mis-specified. On the other hand,
while much research has been done on sequential tests of the bivariate normal model, or more generally, d-dimensional
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