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1. Introduction

We consider the following space-time fractional stochastic partial differential equations (SPDEs) on a bounded domain
DcRY(d=>1):

afux, t) = —(=A)Tu(x, t) + 1 Plo(u(x, )W(x, t)], x €D, t > 0,
u(x, t)|;p =0,t > 0, (1.1)
u(x, 0) = ug(x),x € D,

where Btﬁ is the Caputo fractional derivative with § € (0, 1), (—A)% is the fractional Laplacian with « € (0, 2], 13“‘

is the fractional integral operator will be given below. The dimension d and the parameters « and § in (1.1) satisfy that

d < min{2, B~ "}a. Denote by W(x, t) space-time white noise modeling the random effects, and the functiono : R — R is
a globally Lipschitz continuous function.

For any 8 > 0, we define the function Gg(t) : R — R by

1

Gt)=yr(p) '

0, t <0,

t>0, (12)

where Go(t) = 0 and I"(8) denotes the gamma function. The Riemann-Liouville fractional integral operator If is defined by

-1 t
00 = Gy 200 = s [ (€ =97 sk 1= 0 (13)
0
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with I?f(t) = f(t).For 8 € (0, 1)and t > 0, then the expression

d 4_ d ¢
a’f(t) = a[n‘ PfF(e) — Foy) = pl / Gi_p(t — S)F(t) — f(0))ds) (1.4)
0

is called the Caputo fractional derivative of order 8 of the function f (see Srivastava and Trujillo, 2006a).

Note that Eqs. (1.1) might be used to model the random effects on transport of particles in medium with thermal memory.
Chen et al. (2015) introduced a class of SPDEs with time-fractional derivatives and proved the existence and uniqueness of
solutions to the equations. Mijena and Nane (2015) proved the existence and uniqueness of mild solutions to non-linear
space-time fractional SPDEs, and they also investigated the bounds for the intermittency fronts solutions of these equations
(Mijena and Nane, 2016). Foondun and Nane (2015) studied the asymptotic properties of space-time fractional SPDEs. Chen
etal.(2016) proved the existence and uniqueness of solutions to space-time fractional SPDEs in Gaussian noisy environment.
It was worth mentioning that the above authors mainly focused on the mild solutions based on the Green function. As
we known, the regularity of weak solutions to the fractional SPDEs has received less attention. The aim of this paper is to
study the regularity of weak solutions to space-time fractional SPDEs, which are needed for the error analysis of numerical
methods, for example, Zou et al. (2018) and Zou (2018) investigated the finite element methods for solving a special case of
fractional SPDEs in the given problem (1.1).

The remaining of this paper is organized as follows. In Section 2, some notations and preliminaries will be introduced,
and we also deduce the weak solutions to the space-time fractional SPDEs. In Section 3, stochastic analysis techniques and
fractional calculus are used to prove the spatial and temporal regularity properties of weak solutions to Eq. (1.1) in Bochner
spaces.

2. Notations and preliminaries

Let($2, F, P, {Ft}¢>0) be a filtered probability space with the normal filtration {7 };>0. Recall that Q is a positive bounded
linear operator on some Hilbert space U with finite trace. Let W = {W(t),t > 0} be a U-valued Wiener process with
covariance operator Q. We introduce the subspace Uy = Q '/?(U), which endowed with the inner product:

(u, V)y, = (Q"%u,Q"%v), u, v € Uy,

and induced norm || - ||y,, where Q /2 denotes the pseudo-inverse of Q /2. Denote by L = L?(Uy, H) the space of Hilbert-
Schmidt operators T : Uy — H endowed with the norm

ey = TrileQ"*XeQ"*)"] < oo,

for any ¢ € L‘z). The details description of Wiener process should be referred to Prévot and Rockner (2007). Let p > 2 and
{v(t)}refo.r] be an Lg—valued predictable stochastic process, the following generalized version of Ito isometry (including the
Burkholder-Davis-Gundy inequality) are important for the stochastic integrals (Kruse, 2014), that is

t t
Bl [ WP < CRE | EIdt. ¢ e 071 1)
0 0 0

where E denotes the expectation and C(p) > 0 is a constant.

Next, we shall introduce fractional order spaces and norms. Define a linear operator A := — A with zero Dirichlet boundary
condition on D. Denote by {¢k}i>1 the complete orthonormal system of eigenfunctions in H for the operator A4, i.e., for
k=1,2,...,

A = M@k, @klagp =0,

Wlth)qf)\.zf,)\ki ) s
For any s > 0, let H® be the domain of the fractional power A2 = (—A)2, which can be defined by

sz—sz v.g)pe H = D(AT) = fv e H: A3 ])® = Zxk(v @) < oo},

with inner product (u, v)s = (A2u, A2 v) and induced norms ||v|| = ||A7v||2 o A(v, @k ). Itis known that H° = H,
H' = H)(D)and H?> = H?(D) N H}(D) with equivalent norms and that H—S can be 1dent1f1ed with the dual space (H*)* for
s > 0. In order to quantify the regulanty we introduce the Bochner spaces [P($2; B) = [P((£2, F, P); B) endowed with the
norm:
1
lvllw:s = ELvIE)?, ¥ v € [P(2; B),

where B being a Banach space and for any p > 2.
For the sake of convenience, Egs.(1.1) can be rewritten as the following abstract formulation:

Al u(t) + Agu(t) = I P lo(u(t)W()], t > 0,
{u(O) N (2.2)
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