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1. Introduction

In this paper we consider a diffusion process governed by the stochastic differential equation

dX; = (aX; + B)dt + \/ y X2 + 8X, + ¢dB, (1)

where B; denotes a one-dimensional Brownian motion. This form of stochastic differential equations can represent the
several well-known stochastic processes as its special cases. For instance, when y and § are zero, the diffusion process
becomes the Ornstein-Uhlenbeck process. When y and ¢ are zero, it becomes the square-root process (Avellaneda and
Laurence, 2000). This type of process finds various applications in financial modeling, including interest rate models,
stochastic volatility models and time series models (Cox et al., 1985; Demni and Zani, 2009; Delbaen and Shirakawa, 2002;
Barone-Adesi et al., 2005; Heston, 1993; Glasserman and Kim, 2011; Vasicek, 1977).

In typical situations, the density function or the moment-generating function of a random variable is first obtained or
given. And then its moments are computed either by integrating a power function together with the density function or by
differentiating the moment-generating function. As to diffusion processes, one can find the transition probability density
functions by solving the corresponding Kolmogorov forward or Fokker-Planck equations for special cases (see Feller, 1951,
Wong, 1964). One can also obtain the moment-generating function of the square-root process by using its characteristic
function and the corresponding Ricatti equations (Avellaneda and Laurence, 2000; Jondeau et al., 2007). Even though the
density or moment-generating functions can be found for some special cases, it would not be straightforward to compute
the moments if one need to obtain high-order moments.

The main purpose of this paper is to investigate the moments of the diffusion process (1) and to derive the formulas for the
moments. Instead of seeking the density or moment-generating functions, we utilize stochastic integrals and their properties
to find the moments. These formulas provide a simple computation of the nth moment. This leads to a very effective means
to validate the performance of numerical simulations in stochastic modeling when applying the diffusion process (1).

The rest of the paper is organized as follows. In Section 2 we provide the main results by deriving the formulas of the
moments. In Section 3 a numerical experiment is performed to compute the moments of the diffusion process. Section 4
concludes the paper.
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2. Main results

Suppose that (§2, F, P) is a probability space. Let X = {X; : t > 0} be a diffusion process on (§2, F, P) with state space
R; that is, X; takes values in R for all t > 0. We consider the diffusion process X as the solution of the stochastic differential
equation

Xo = Xo

where B = {B; : t > 0} is a one-dimensional Brownian motion. We assume that X; is well-defined for all t > 0 so that
negative values are not achieved inside the square-root sign. We let u(x) = ax + 8 and o(x) = /yx% + 8x + ¢. Then, we
have |u(x)| + |o(x)] < K(1 + |x|) for some constant K > 0 so that there exists at least a unique weak solution of Eq. (2)
(see Stroock and Varadhan, 1979).

Throughout this paper we assume that all the moments of X; are finite. More precisely, we suppose E[X'] < oo for
all nonnegative integer n. For instance, the diffusion process X becomes the Ornstein-Uhlenbeck process when y and § are
zero. Thus, its nth moment is finite because the Ornstein-Uhlenbeck process is a Gaussian process. In addition, X becomes the
square-root process when y and ¢ are zero, and the distribution of the square-root process follows a noncentral chi-squared
distribution (see Avellaneda and Laurence, 2000, Cox et al., 1985). Hence, its nth moment is finite.

We define m,(t) £ E[X"] to represent the nth moment of X; forn = 0, 1,2, - - -, where my(t) = E[X?] = 1. In what
follows we consider a power function f(x) = x" and let Y; = f(X;) so that Y; is again an Ito process. Applying Ito’s Lemma on
Y;, we have dY; = f'(X;)dX; + 3f"(X;)(dX,)* which results in

dX]' = (anX!" + boX[ ' + cuX['2)dt + X1y X2 + 8X, + ¢dB; (3)

where a,, b, and c, are defined by

A 1 A 1 Al
a, = no + En(n — 1Dy, by=np + En(n —1)5, ¢, = En(n —1).

Here we set ag = 0, by = 0 and ¢y = 0. Eq. (3) can be written in integral form

t t
X! =0+ / (anX! + b X + X 2)ds + / nX'1 JyX2 + 8X; + ¢ dBs. (4)
0 0

To find the moments of the process X;, we take expectation on both sides of (4) and differentiate with respect to t on each
side so that we obtain the following differential equation: forn > 1

m;(t) = My (t) + bymu_1(t) + Camp_z(t)
my(0) = x5

(5)

with mg(t) = 1and m_4(t) = 0.

Theorem 1. Suppose that the elements of the set {ag, ai, - - - , ay} are distinct. Then the solution of (5)forn=0,--- ,Nis
n
my(t) = Y _ &nexp(ait) (6)
i=0
where &,; satisfies the following recurrence relations: for 0 <i <n — 2
-1
bn&n_1,i + cnn_2,i bn&n—1,n-1 X
Eni = u! Enn—1 = uv Emn = XS - Zgni
a; — an ap—1 — 0p i—0

with&o=1,811 = (X0 + %)and&_o =-a

a

Proof. We start with mg(t) = 1. Given the preceding moments, the analytic solution to (5) is
t
my(t) = eXP(ant)(xS + / qn(s) eXD(—anS)dS) (7
0

with g, (t) 2 bamy_1(t)+c,m,_»(t). For instance, g,(t) is equal to b whenn = 1 so that we have my(t) = (xo+ % )edtt — %eaof
with ay = 0. Forn = 2, we have g,(t) = bom;(t)+ c3, and it is straightforward to find the definite integral of q,(t) exp(—ayt)
from zero to t. This leads to the analytic solution for my(t) that is a linear combination of e%!, %1 and e%!, Suppose that

my(t) is a linear combination of e%¢, e®t ... %! for k = 0,1,---,n — 1. Then q,(t) is also a linear combination of
edot et ... eWn-1t Because the elements of the set {ag, aj, -- - , ay} are distinct, Eq. (7) implies that m,(t) should be a
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