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1. Introduction

One of the main important properties of the multivariate normal distribution is that it is closed under affine transforma-
tions, which means that for an m x n matrix B of rank m, m < n, the random vector BX, X - N,(u, X'), is also a normal
random vector, BX « N;(Bu, BXBT). Furthermore, this property also holds for every member of the elliptical family of
distributions

1
fx(x)=1217"g, (E(X—M)TZ?*](X—M)),XER", (1)

where X « Ep(u, X, g,) is the elliptical random vector with the density generator g,(u) > 0, u isn x 1 vector of means, X
isan n x n positive definite matrix.

A well-known generalization of the elliptical family, into the world of skewed distributions, is the generalized skew-
elliptical (GSE) family of distributions which takes the following form (Genton and Loperfido, 2005)

A(y)=2121""g, (;(y - =2y - u)) n(Z7(y — u),y € R, (2)
where 7 is called the skewing function which is defined as a mapping from the space of random vectors R" to the real
(non-negative) line R, i.e.,

7 :R"™SY = 7(Y) > 0.

Furthermore, 7 satisfies the following properties
0<m(y)<1,VyeR"
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and
n(—-y)=1-mn(y),Vy € R".

We say that an n x 1 random vector Y is a GSE random vector if its probability density function (pdf) takes the form of (2),
and we write Y «~ GSE,(u, X, gn, 7).

The characteristic function of special members of the GSE family was computed in the literature (see, for instance, Azzalini
and Valle, 1996; Loperfido, 2004; Nadarajah and Kotz, 2003; Vernic, 2005, and Shushi, 2016, 2017). In Shushi (2016), it was
proved that the characteristic function of any GSE random vector Y takes the following well-defined form

: 1
C(t) = Ze'tr“’llln <£tT2t> kn(t), te ]Rn,

where ¥, is the characteristic function of the n x 1 elliptical random vector X, and k;, is a function that satisfies the following
properties

kn(—t) = 1 — ky(t),
and
0 < ky(t) < 1.
For the sequel, we define a quasi-pdf of a random vector th N
1 1
pi(z) = exp (it'z) g, (EZTE_IZ) /¥, (itT2t> ,ZeR"
We now prove that the GSE family of distributions is closed under affine transformations.

Theorem 1. Let Y « GSE,(u, X, gn, 7). Then, for any a € R™, and m x n matrix B of rank m, m < n, the affine transformation
a + BY is also a GSE random vector with the characteristic function

: 1
Cay () = 2t @B (ZtTBEBTt> ki (L), t € R™.
Here
kn(t) = E (7 ((BxB") "’z
kn(t) = E (7 ( ( ) m,BsBT ) )
where 7 (W) = 7 (2‘1/23T (BEBT)]/ZU) ,u e R™ and B is the Moore—Penrose pseudoinverse of B from the left side.

Proof. From the definition of the characteristic function of the GSE distributions, and after taking the transformation
v= Y12 (y — u), we have

coy () = 2/ 5|7V Ze'ﬁ/
Rn

. it (B1/2 1
— it! @+Bu) / et (BE V)gn (szv> 7 (V)dv,t € R™.
Rn

i)' 1
() v, (2(y —w'E Ny - W) 7 (27 (- w)dy

Taking the Moore-Penrose pseudoinverse of A = BX'/? from the left side, Af, and taking into account the existence and
uniqueness of AT, we define a new skewing function 7 * such that

m* (Av) = 7 (ATAv),

where AT = (BZJ‘/Z)T = X ~1/2Bt, which is given from the properties of the pseudoinverse matrix.
Thus, we conclude that

cpy (t) = 2eit’ @+Bw) /

et g, (%Wv) 7" (Av) dv = E (A (AX)) ®
]Rn

where
A (AX) = et @0 7* (AX)

and Ex (A (AX)) is the expected value of A (AX) respect to the elliptical distribution, X « E;(0,1I,,, g,), where I, is the n x n
identity matrix. Then, from the marginal properties of the elliptical distributions (see, Fang et al., 1990), it is clear that

AX v Eq(0,AAT, gin).
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