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1. Introduction

Let ¢5 () be the density of the p-variate normal distribution N, (0,, X);
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where X = [0jj]jje1,...py IS @ p X p positive definite matrix. For any n € N, we set
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¢1'21 =" () /b5 (v) is referred to as the multivariate Hermite polynomial. For example,
Fr(v) =T, p5 (),
PP W) = @7, — o prw),
PP W) = @0,7, — (307 T)¢2(v).
where ¥ = o//v; (we used the standard summation convention instead of P o!'vy), with o1 being the (. /)th

element of Z’l. Here, the notation {n) before a term with indices is a sum of n similar terms obtained by index permutation,
e.g., (3)0/12y;, = o/v127;, + o/1137;, 4 672737, . Note that
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(e.g., Barndorff-Nielsen and Cox, 1989, page 151, with somewhat different notation).
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Given T = (tq,..., 1), it is well known (e.g., Anderson, 2003, page 82) that if Z ~ N,(z, X), then, 2’27 'Z has a
noncentral x2-distribution with p degrees of freedom and noncentral parameter T'X~7;

X
PriZx'Z <x] = / g(t; T '7)dt forx > 0, (1)
0
where

& (t; a)Z) =

$° @2 expat/2) 0 exp(—t/2)
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is the density of a noncentral x2-distribution with v degrees of freedom and noncentral parameter w?. As usual, we write
Gy(x; @) = [; 8u(t; @) dt and G, (x; w2) =1-G,(x; 0?).

We are concerned with the integral of ~Ja (v) over the convexset {v e R : (v+ 7)T (v + 1) < x};
/ “ """ T (v) dv = f g """ i(vydv forqeN, (2)
(v+1) T (v+T)<x Dr (x)

where D;(x) = (Ve R : v+ 1)’ ' (v+ 1) > x} (we used [, ¢5 J1s-md (v) dv = 0; the orthogonality of the multivariate
Hermite polynomial). Such integrals (2) forq = 1, 2, 3, 4, 5, 6 are 1mp11citly used in the derivation of asymptotic expansions
for the distributions of asymptotically chi-squared test statistics (e.g., Mukerjee, 1990a,b, Fujikoshi, 1997, Bravo, 2003, 2004,

and Kakizawa, 2010a,b, 2012a,b, 2013). More precisely, we suppose that a random vector UM = U™, ... uMy LN
N, (7, X) possesses cumulants
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cum(Uj1 s Uy )= Z N=%¢ s se{3,4,...},
>s—2
where c}”’s are the coefficients of N~¢/2 in the cumulants. We write e;(z) = Y_'* z cj(] )]rzj1 sz forz=(z1,...,2) €

C?, and prepare the ordinary partial Bell polynomial By = By (X1, X2, . ) for posmve integers £ and k (£ > k), defined as

the formal series expansion (3., x.y)* = Y, B ' ie. By, = X 11,12 - X!x2 ... (see Comtet, 1974, page 136), where
the summation takes over all nonnegative integers iy, i, ...,suchthatiy + i, +i3 +--- =kand iy + 2i + 3is +--- = ¢
(eg, By = x1,B; = x,B5, = X1) Then, as in Taniguchi (1991, page 14) (see also Withers and Nadarajah, 2010), the
characteristic function of U™ is formally expanded as
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= exp((ityy - ajmtjltjz)[l + 3 N Z B (e1(it), (D), .. .)]
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= exp (it — 5 ) [1+ TONC0] (1= VT andt= (0, 6) € R)
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where C;(z) = Zﬁ;l %sz(el(z), e(2), ...) is a polynomial of degree 3¢ (with C7(0,) = 0); note that C7(z) = e;(z) and
Cs(z) = ex(z) + €2(z) /2. It follows that the distribution of U over a certain Borel set A C RP may be approximated as

o
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Especially, the choice A = {v € R? : VX~ lv < x} yields
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