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Abstract

A many-server queue operating under the earliest deadline first discipline, where the distributions of
service time and deadline are generic, is studied at the law of large numbers scale. Fluid model equations,
formulated in terms of the many-server transport equation and the recently introduced measure-valued
Skorohod map, are proposed as a means of characterizing the limit. The main results are the uniqueness of
solutions to these equations, and the law of large numbers scale convergence to the solutions.
© 2017 Elsevier B.V. All rights reserved.
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1. Introduction

This paper proves a law of large numbers (LLN) many-server limit for a queueing model with
general service time and deadline distributions, operating under the earliest-deadline-first (EDF)
scheduling policy (we refer to this model as G/G/N+G EDF). By a many-server limit we refer to
a setting where the number of servers grows without bound. The limit is characterized in terms
of a set of so-called fluid model equations (FME) that involve both the many-server transport
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equation (MSTE) [15] and the recently introduced measure-valued Skorohod map (MVSM)
[3]. It provides the first result on the EDF policy involving a many-server limit. Several papers
have analyzed EDF asymptotically by appealing to the so-called frontier process (see below).
However, as argued in [3], the method based on this process is not generic enough to cover
a large variety of models (especially ones with time-varying parameters). Our motivation is to
extend the asymptotic analysis of EDF to settings where the method involving frontier process
is not expected to be effective; the many server regime offers a natural setting of this sort (even
when the parameters are constant over time).

In recent years the use of measure-valued processes in mathematical modeling of queueing
systems has been very successful. As far as many-server asymptotics are concerned, it is well
understood since the work of Halfin and Whitt [11] that exponential service time distribution
leads to simple limit dynamics; specifically, the diffusion-scale heavy traffic limit of [11]
is characterized by a diffusion process on the real line. However, there is a great deal of
motivation to study many-server models under general service time distributions, stemming
from applications such as call centers and cloud computing. For example, the statistical study
of a call center by Brown et al. [5] finds a good fit of the service time data to the lognormal
distribution. In this vein, in [24], Whitt considered a G/G/N system with abandonment and
proposed a deterministic LLN (otherwise referred to as fluid) approximation. In [15], Kaspi
and Ramanan obtained measure-space valued fluid limits for such systems. Kang and Ramanan
generalized this work by modeling customer abandonment [13]. Further generalizations in this
direction were obtained by Zhang [25] and Walsh-Zuiiiga [23]. In [4], Atar et al. studied multi-
class many-server queues with fixed priority and established the existence of a unique fluid limit.
Kang and Ramanan studied ergodic properties of the G/G/N+G model and its relation with the
invariant states of the fluid limit in [14]. Reed [22] established the fluid and diffusion limits
of the customer-count processes for many-server queueing systems under a finite first moment
assumption on service time distribution.

The aforementioned works were concerned with the first-come first-served (FCFS) disci-
pline. Many-server systems operating under the EDF discipline were considered recently by
Mandelbaum and Moméilovi¢ [18], where a fluid limit heuristic was developed. Motivated by
prioritizing customers with least patience and emphasizing the importance of this policy for
emergency services, [18] refers to this policy as least-patience-first. Decreusefond and Moyal [8]
study the fluid limits of M/M/1+M EDF, and Atar et al. [2] generalize these results to G/G/1+G
EDF. Diffusion limits for G/G/1+G EDF systems were studied by Doytchinov et al. [9] and Kruk
et al. [17]. For additional work on EDF in asymptotic regimes other than the many-server limit
we refer to Kruk [16] and references therein.

An attractive feature of EDF, established in several of the aforementioned settings, is that
it minimizes the abandonment count. Specifically, in [19-21] it was shown for a single server
model that EDF minimizes customer abandonments within a certain class of scheduling policies.
The paper [17] studies G/G/1+G and shows that the reneged work is minimized under EDF.
Comments in the introduction of [18] also address this minimality property, and so do some of
the results of Section 4.1.5 of [3].

In this article we are interested in the many-server LLN limit of the G/G/N+G EDF. To
elaborate on the hurdles in obtaining fluid limits in this setting let us briefly mention some
tools that have been used in the literature to treat the LLN for the single server EDF. The
aforementioned frontier process has been one of the main tools in [2,9,17]. One defines the
lead time of a customer at time ¢ as the (possibly negative) difference between the customer’s
deadline and the time ¢. The frontier process at time ¢ is defined as the maximum lead time at ¢
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