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1. Introduction

In general relativity the investigation of null fields has acquired considerable interest in connection with the study of
gravitational radiation. In the invariant theory of gravitational radiation, the Riemann tensor plays the central part. The alge-
braic and differential properties of this tensor have been discussed with a view to characterizing wave fields in general
relativity.

The essential idea in the Riemann tensor analysis as applied to radiation theory is that in a gravitational radiation field,
the Riemann tensor will lie in some special relationship to the null cone. One such relationship is [1]

<Rhijk + iR;;,-jk> ok =0, (1.1)

where o is a null vector, Rujx is the Riemann tensor and Ry is its dual. Eq. (1.1) imposes on the Riemann tensor a very se-
vere restrictions, which is satisfied only asymptotically in the wave zone of a radiating system and exactly in plane gravita-
tional waves and a few other special cases.

From (1.1), it follows that

Rij = 0W;Wj, (12)

where ¢ is a scalar. Since ' is a null vector, from (1.2) the spur of the Ricci tensor R vanishes identically and through Einstein
field equations the energy momentum tensor can be written as

78HT,']' = 0W;W;. (13)

* Corresponding author.
E-mail addresses: rajeshgupta@thapar.edu, rajeshateli@gmail.com (R.K. Gupta).

1007-5704/$ - see front matter © 2011 Elsevier B.V. All rights reserved.
doi:10.1016/j.cnsns.2011.03.006


http://dx.doi.org/10.1016/j.cnsns.2011.03.006
mailto:rajeshgupta@thapar.edu
mailto:rajeshateli@gmail.com
http://dx.doi.org/10.1016/j.cnsns.2011.03.006
http://www.sciencedirect.com/science/journal/10075704
http://www.elsevier.com/locate/cnsns

4190 R.K. Gupta, K. Singh /Commun Nonlinear Sci Numer Simulat 16 (2011) 4189-4196

In the view of (1.3) the four eigen values s;; determined by the equation
|Tij — sg| =0

turn out to be zero and then the equation T,jz} = sg,»jzi admits only one real eigenvector which is null. The energy momentum
tensor given by (1.3) represents some kind of incoherent superposition of wave packets of radiation and any zero rest mass
field can be the source of radiation. We propose, in the present paper, to drive certain solutions of geometrical Eq. (1.2), when
o # 0, for the cylindrical symmetric space time with two degrees of freedom.

1.1. The metric form and the Field equations

We consider the cylindrical symmetric space time [2]
ds* = exp(2w — 2u)(dt* — dr®) — (v* exp(2u) + r* exp(—2u))d¢? — exp(2u)dz® — 2vexp(2u)d¢dz, (1.4)

where u, v and w are functions of r and t only. When v =0, (1.4) reduces to the well known Einstein Rosen metric with one
degree of freedom.
The nonzero components of the Ricci tensor obtained from (1.4) are

w u exp(4u
R44=*W11*T]+W44+U11+7]*U44+2u121+ g; )Z/i,

wy Uy » | €Xp(4u) ,
Rii=wWpy ——— Wy — Uy —— 2
1 11 r 44 — U1 r+u44+ uy + 52 T

Wy exp(4u)

Ry = ——+2uu V14,
14 r + 2ty + 22 104, (1.5)

u exp(4u
R33 = exp(4u — 2w) (un +717 Ugg — 552 ) (v3 - vi))

exp(4u — 2w)
2
Ry = 20Ry3 — (22 + 12 exp(—4u))Rss.

U1
Ry3 = vRs3 + (1/11 T Vag + 4 v1 — U47/4)),

Here and in what follows, the subscripts 1 and 4 after u, » and w represent the partial differentiation with respect to r and t
respectively.

If the direction of propagation of the wave is the positive r-direction, we have here w?= > =0, ' = @* and, therefore,
from (1.2) and (1.4) we get the field equations

R]] — R44 = 0., (168)
Rigs+Ryq =0, (1.6b)
Rzz = R23 = R33 = 0 (16C)
Making use of expressions for R; given in (1.5), the relations (1.6a)-(1.6c) give the four differential equations
i +%u1 — Uy = %r*z exp(4u) (12 — v3), (1.7)
1
V11 —FU] —1144:4(1147/4—1111/1), (]8)
exp(4u
Wi+ Wa — (U + ug)? = Z(r )01 + va)?, (1.9)
exp(4u
Wi — W + Ui —uf = Z£2 )(vf—uﬁ). (1.10)

So, we have four Egs. (1.7)-(1.10) for the determination of three unknowns u, », and w and one can easily verify that these all
are consistent. Therefore, we drop Eq. (1.10) and solve the remaining equations for u, »and w. It may be pointed out that Egs.
(1.7,1.8) are a set of coupled, second order, nonlinear partial differential equations in u and », hence we will concentrate on
these two equations and Eq. (1.9) is first order linear partial differential equation in w, which we will solve once we get u and
v. Rewriting the Egs. (1.7,1.8)

4 L~ 1 = %r*z exp(4u) (v} — 7),
r (1.11)
1

Upr — ? Ur — U = 4(utvt - UrZ/r).

The system (1.11) also represents another important class of Einstein field equations for vacuum [2]. No systematic inves-
tigation of this problem has yet been made (for more details, please refer to [2] pp - 350-351). Examples are the the coun-
terpart of the Kerr solution [3] and of the Tomimatsu-Sato solutions [4]. Due to nonlinearity of exponential order, it is
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