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concepts of associated arrays and associated variables in a deductive mean. It shows that the concepts are really
useful in developing high efficient algorithm.
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1. Introduction

In many chemical studies, the measured properties of the system
can be considered to be the linear sum of the term representing the
fundamental effects in that system times appropriate weighing
factors. For example, the absorbance at a particular wavelength of a
mixture of compounds for a fixed path length, z, is considered to be a
sum of the absorbencies of the individual components. Multivariate
curve resolution (MCR) can extract pure-component spectra from the
overlapped spectra of mixtures [1,2]. MCR can be applied to ordinary
spectroscopic data [3,4] or data from multiway arrays [5]. Alterna-
tively, MCR was first applied to airborne particle composition data by
Henry and Kim [6]. Subsequently they extended their analysis to
more than two components [7,8]. MCR has been applied to other
environmental data [9]. Thus, MCR has become a widely applied
technique for solving the spectrochemical mixture problem.

Many MCR methods have been developed based on the character-
istics of the chemical system under study. For example, Gemperline [10]
developed iterative target transformation factor analysis (ITTFA) based
the assumption of unimodality of peaks in any chromatogram. Based on
the evolving characteristics of the components in chemical system or
chromatogram, Maeder [11] developed evolving factor analysis,
Kvalheim et al. [12,13] developed heuristic evolving latent projections
(HELP), and Malinowski [14] developed window factor analysis (WFA).
Automated MCR methods have also been developed based on the
evolving characteristics [15,16].

Subsequently, new approaches on MCR based on explicit least
square analyses have now come into common use. MCR has become

* Corresponding author.
E-mail address: gan.feng.china@gmail.com (F. Gan).

0169-7439/$ - see front matter © 2012 Elsevier B.V. All rights reserved.
http://dx.doi.org/10.1016/j.chemolab.2012.08.003

most commonly applied using alternating least squares (ALS) algo-
rithms [e.g., 17-21]. Easy to use software has been developed to
implement this algorithm [22]. Paatero [23] developed the multi-
linear engine (ME) as a more general solver that can solve problems
that can be expressed as a sum of products. However, ME was rela-
tively slow when resolving large data sets. Thus, Wang and Hopke
[24] developed the equation oriented system (EOS) to be able to
efficiently resolve large data sets. Both of these approaches are based
on a preconditioned conjugate gradient (CG) algorithm [25] and the
calculation of the Jacobian matrix. The size of Jacobian matrix can
represent computational problems. The ME avoids the problem by
constructing an index table to map matrices to vectors. The EOS
avoids the calculation of Jacobian matrix by introducing the concept
of associated variable, which connects the multidimensional data
array with its corresponding vector form in the algorithm. Wang and
Hopke hoped to bridge the understanding of vector representation of
the original data matrix and the implementation of the array format
using the concept. However, the original introduction of the EOS
concepts was not sufficiently clear, and thus, the EOS may not have
been easy to understand and used.

The aim of this paper is to present the technical details of the EOS.
We present the idea of decomposing matrix using a preconditioned
CG algorithm. The focus is on the calculation of the key parameters.
We introduce the concept of associated variable by applying the CG
algorithm to the minimum unit, an element of matrix.

2. Theoretical backgrounds
2.1. Bilinear model

In chemistry, the bilinear model is often used to describe the
relation between a measurement and some property quantities. For
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example, in a high-performance liquid chromatography with diode-
array detection (HPLC-DAD), following equation is used to describe
the measurements of a chemical system of a components:

Xinxn = CinaSaxn (1

mxn mxa
where X, ., iS absorbance matrix whose elements are intensities
measured at m retention times and n wavelengths; C, .., is concen-
tration matrix whose each column is a chromatogram of a single
chemical species; S;., is spectral matrix whose each row is a
spectrum of the species. Both Cp, ..o and S, .., are usually unknown for
a real chemical system.

Many methods have been developed to directly obtain the solutions
for Cp, xq and S, ., from the measured X, ... These methods usually
work well when there are no embedded peaks in the hyphenated
chromatography system [26]. In general case, ME and EOS are effective
in solving Eq. (1) because they are based on a preconditioned CG
algorithm, which iteratively reaches an optimal solution.

2.2. Modified CG algorithm

The original CG algorithm was put forward by Hestenes and Stiefel
[27] to solve a system of linear equations Ax="Db, where vector X is
unknown variable and both A and b are known variables. The details
of the algorithm can be found in a general textbook [25] as a standard
method. Paatero [23] preconditioned the algorithm and applied it to
matrix decomposition by solving following normal equation:

YWt =J'wix-y) (2)

where t is step direction vector and the solution of Eq. (2); J is a
Jaccobian matrix which is composed of the estimations of C and S; W
is a weight matrix; x is the vector form of X; y is the vector form of the
product of initial C and S; superscript T denotes matrix transpose.

The details of the modified CG algorithm can be found in the
references provided by Paatero [23]. The key of the algorithm is to
find the step direction vector t and step length «, and then update
initial C and S as follows:

f=f+at 3)

where f is the vector form of the product of C and S in the iterative
process.

To calculate the t, one calculates the gradient vector g=J"W(x —y),
the preconditioning coefficients z, =&,p,g, the step length B=g'z/p
(=0, p=g'z), and then update the accumulated direction vector
t=pt+z. The 6, is the coefficients c, in step 1.1 of reference [23]. We
replace ¢, with 6, because we use character c for the elements of
concentration matrix. To calculate the o, one needs to calculate two
variables T=t"J"WJt and & =t"J"W(x —y), and then a= /.

Among the calculations, the three parameters, p=g'z, 7= t"JTWJt
and o =t"J"W(x —y), are primarily concerned because they contain
Jacobian matrix J. The ME and EOS took different strategy to avoid the
direct calculation of J. In ME, an index table was constructed to search
the elements in J. While in EOS, the associated variables were
developed to avoid the direct calculation of J. The technical details are
revealed by applying the preconditioned CG algorithm to the minimum
unit, an element of matrix.

3. Key concepts of EOS
3.1. Associated array and parameter calculations

The element at ith row and jth column of the matrix X in Eq. (1) is
as follows:

Xij = C,‘.S.j (4)

where C; means the ith row of C; S means the jth column of S. As the
element x; is a scalar, a simplest model is obtained as follows:

x=c's (5)

The subscripts are omitted for simplicity but ¢" and s represent the
ith row of C and jth column of S, respectively. Both of them are to be
estimated using the modified CG algorithm.

The normal equation was developed in a manner analogous to
that used in positive matrix factorization [28]. When small changes
are made in both c and s, say Ac and As, we get:

X = (cT + AcT) (s+4s) = s+ Ac’s + A As + ¢' As (6)

If Ac and As are small enough, the second-order term can be
omitted. Eq. (6) is then rearranged to:
(7)

Ax=Ads+cas= [T §] {As}

Ac

where Ax=x—c's. Defining the Jacobian as J=[c" s"], one obtains
the following normal equation:

Fax=1jat, At {ﬁz] - {2& } 8)

Here the weight matrix W is omitted.

The vector At is changed in iterative process and it will no longer be
directly composed of original Ac and As. Thus, At is presented into two
parts, Ats and At. . The At; is corresponding to As and both of them have
the same size. In the framework of the EOS, the At is the associated
array for As. Similarly, the At is the associated array for Ac.

In the simplest model, the calculation of JAt is quite straightfor-
ward as follows:

Jat= ¢ ] {2&} = At +s" AL, 9)

Thus, the calculation of T and w is quite straightforward too. They
are:

r= 040" gat) = ('t +s'At)’ (10)
o= Ax = (cTAts + sTAtC)Ax (11)

The calculation of p requires several steps. First, matrix J7J should be
calculated to obtain its diagonal elements. A simple calculation gives:

JTJ: {g] [CT ST} _ {CCT CST} (12)

sc! ss’

So, the vector form of py is as follows:

BN LR T R B 3
SEE (13

Second, in the calculation of z,, &, is ¢ associated array and 6s is s
associated array. As g=J"(x —y) is as follows:

5=J ey - | ¢ ax (14)

Thus, the vector form of z is:

J% 03 PR G R GO P LW (15)
[ Cq Sq Sa
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