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a b s t r a c t

In a variety of technical applications the reduction of traili ng edge noise is a matter of particular concern. 
The focus of the present study is to minimize trailing edge noise by adding an optimized porous medium 
to the existing geometry of the trailing edge. The optimization with respect to the noise reduction is 
based on iterative adjoint methods. Thus, the gradient of the objective function with respect to the con- 
trol – the spacial distribution of the permeabili ty – is obtained by solving an adjoint equation backwards 
in time. The mathematical framework of the governing compressible and porous Navier–Stokes equa- 
tions and its corresp onding adjoin t equations, to obtain the gradient, is presented and validated on a
two-dimensional example. The iterative method has proven effective an efficient in minimizin g aeroa- 
coustic noise within only five iterations. This technique can be used in aeroacous tic and other app lica- 
tions where the (shape) optimization of (porous) material is desirable. 

� 2012 Elsevier Ltd. All rights reserved. 

1. Introduction 

In many technical applications the reduction of trailing edge 
noise, is a matter of particular concern. Trailing edge noise can 
be found in any technical application where fluid flows past a rigid 
trailing edge. Especially sharp edges contribute to loud noise 
sources with a broadband spectrum [11]. These conditions can be 
found e.g. at the high lift configuration of aircraft during landing 
or takeoff at moderate subsonic Mach numbers. Rather blunt 
edges, which can be found e.g. at the aircrafts landing gear, con- 
tribute to a narrow-band frequency noise due to the dominated 
vortex-shedd ing mechanism [2,19].

The focus of the present research project lies in the minimiza- 
tion of trailing edge noise by a modification of the trailing edge. 
In contrast of changing the edge geometry which has been per- 
formed by a series of researchers, like [22,20], we will follow a dif- 
ferent approach by adding a porous medium at the trailing edge to 
suppress vortex induced noise. The idea is to control the wake of 
the trailing edge with the porous medium such that its emanated 
noise will be minimized in a pre-defined region. In Fig. 1, a sketch 
of the computational domain with the implemented boundary 
conditions and the position of the trailing is visualized. The 
geometry of the trailing edge is marked as a black plate with a
hight h and a length 8h. At the end of the plate, a shaded area of 

the same hight as the plate and a total length of 4h marks the area 
where the optimization algorithm can place the porous medium. 
The emanated noise of the trailing edge including the porous med- 
ium is measured along the dashed double line in a distance of 14 h
from the center of the solid plate. 

Experime ntal results [10] on trailing edge noise, showed a pos- 
sible noise reduction of up to 10 dB for the applicati on of a specific
porous medium. The results show, that the choice of the porous 
medium is of particular importance. Not all porous media investi- 
gated showed an overall noise reduction . Some porous media even 
amplified frequencies compared to a rigid reference body. It could 
be also shown that there is a vast differenc e in amount of the noise 
reduction . The differenc es lie in the range of 0 dB and the maxi- 
mum of 10 dB. In a numerical study [15], on the application of por- 
ous media to cavity noise, a reduction of up to 10 dB could be 
reached, too. Again, the choice of the porous medium and its spa- 
tial distribution seemed to be very crucial. An inauspicious choice 
of the porous medium could again increase the noise level. 

In the literature, porous media are not only used for aeroacou- 
stic applications, but can be found in any flow control application. 
For instance, Bruneau and Mortazav i [3] controlled the vortex 
shedding of the flow past a cylinder with a porous coating. In an- 
other numerical study [23], the Mack mode was stabilized in a
Mach 6 boundary layer flow by means of a porous surface. 

The porous medium investigated in the present study, is mod- 
eled by a volume force, similar to Darcy’s law for incompres sible 
flow. For the present aeroacoustic application the volume force is 
impleme nted in the full compressib le Navier–Stokes equation s
leading to a new set of porous flow equations. 

The porous medium is characterized by only two parameters, 
the porosity / and the permeabilit y K. Whereas / describes the 
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volume ratio of void space Vf to the volume of the whole porous 
material (/ = Vf/V). Thus, a porosity equal to one represents void 
space only, and a porosity of zero a solid material, where no fluid
could penetrate. The latter extreme would causes a singularity in 
the porous flow equation s, thus only values of 0 < / 6 1 are 
feasible.

The second parameter K stands for the permeability of the 
material and is a symmetric and positive definite tensor 

K ¼
j11 j12 j13

j21 j22 j23

j31 j32 j33

0
B@

1
CA:

The entries in that tensor can reach values of zero for a solid mate- 
rial which is not permeable (solid) and infinity for a materi al with 
no influence on the fluid (zero drag, void material). To keep the free- 
dom in the design process of the porous medium, the two coeffi-
cients / and K are suppos ed to be functions of space and time. 
Anyway , since the realiza tion of a time dependent struct ure of a
porous medium for technical application s is hard to realize, only 
the space dependenc e will be consider ed (/ = /(x), K = K(x)).

Numerical [15] and experimental studies [10] show that it is by 
no means clear how to choose the porous medium (/ and K) to re- 
duce trailing edge noise. To this end, an optimization technique 
will be used to obtain the optimal distribution of the porosity 
and permeab ility. Due to the space-dep endence of the design 
parameters, the number of parameters to control can be in the or- 
der of several thousand since / and K have to be determined at 
every grid point in the control region. To handle this amount of de- 
grees of freedom in the optimizati on algorithm, adjoint methods 
will be used in an iterative design process to obtain the gradient 
information of the objective function (noise). The adjoint equations 
are based on the full compressib le porous Navier–Stokes equations 
and are derived in a continuous manner without any further sim- 
plifications. Since the control parameters are constraint (0 < / 6 1
and K < 0), due to their physical properties, a method based on 
slack variables will be used. Some recent reviews on adjoint based 
methods for aeroacoustic noise minimizatio n and related formula- 
tions can be found in [5,8,29].

In the present investiga tion, the mathematical framewor k of an 
adjoint-bas ed optimization algorithim to optimize a porous med- 
ium will be presente d. The method will be applied to minimize 
trailing edge noise. The organization of the paper is as follows: in 
the Section 2, we will give a general description of the porous flow
equation s to implement a porous material in an existing flow sol- 
ver. This is followed by deriving the governing equations of the 
iterative optimization scheme with porous adjoint equations. In 
Section 3 we show some results of a trailing edge with an opti- 
mized porous medium. In Section 4 the main results of the study 
will be summarized .

2. Mathematica l framework 

To include a porous medium in the simulatio n, the equation s of 
continuity , momentum and energy have to be modified. The main 
idea is based on a relation found by Darcy [7] to relate the flow
velocities and the pressure gradient with the permeability of the 
porous medium in a linear way. This relation, called Darcy’s law, 
has been validated in several experiments and reads in the present 
terminology :

v ¼ �K
l
rp; ð1Þ

with the so called Darcy velocity v = /u. This additional volume 
force is added to the moment um equation and acts like a source 
term damping all velocities in the porous medium. In addition to 
that, the density of the fluid in the porou s medium, averag ed in 
an infinitesimal small control volume, will change [9]. It is related 
to the porosity: / = Vf/V = q/qf, with the density and volume of 
the fluid, qf and Vf, respective ly, and V as the control volume (cf.
Fig. 2). This second fundame ntal law for porous media has to be 
included in the whole derivatio n of the compres sible porous flow
equation s. 

In the literature, different ways to include Darcy’s law can be 
found. Especially the choice of the velocities (v or u) and the place- 
ment of the porosity / is not unique. Most applications deal with 
the incompressible Navier–Stokes equations where terms simplify 
[12,13,3]. In the compress ible case [18,14], use a set of modified
Navier–Stokes equation s including Darcy’s law. As they use a dif- 
ferent formulation for the energy equation, without taking into ac- 
count the transformation of kinetic energy into entropy, we will 
present the porous Navier–Stokes equations for compressible flow
including an equation for the entropy in the following section. 

2.1. Governin g porous flow equations 

Replacing consequentl y the density q by /qf and including 
Darcy’s law (1), one obtains a set of porous flow equation s for 
compress ible fluids, based on the Navier–Stokes equation s, 

Fig. 1. Sketch of the two-dimensional computational domain with trailing edge and 
implemented boundary conditions. The hight of the trailing edge is h. Solid part of 
the trailing edge is filled in black, cross-shaded part is porous and can be optimized. 

(a) (b)
Fig. 2. Replacing the density of the fluid qf in a real porous medium (a) by the 
density q in a homogenized volume V (b). The porosity is defined as / = Vf/V = qf/q.
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