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A new test function is proposed to construct new exact solitary solution for nonlinear evolution equation.
The (2 + 1)-dimensional Sawada-Kotera equation is employed as an example to illustrate the effective-
ness of the suggested method and some new wave solutions with three different velocities and frequen-
cies are obtained. Obviously, the method can be applied to solve other type of nonlinear evolution
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1. Introduction

Many phenomena in physics and in the nonlinear science can be
modeled by a class of integrable nonlinear evolution equations.
Consequently, construction of traveling wave solutions of nonlin-
ear equations plays an important role in the study of nonlinear
phenomena. Nowadays, with the rapid development of software
technology, solving nonlinear evolution equations via symbolic
computation is taking an increasing role due to its efficiency, accu-
racy and its easy use. Over the last few decades, directly searching
for exact solutions of nonlinear partial differential equations, some
new powerful solving methods have been developed, such as
(%) - expansion method [1], exp-function method [2,3], Hirota
bilinear method [4-6], F-expansion method [7-9], tanh method
[10,11], homoclinic test method [12,13], Homotopy perturbation
method [14,15], and so on. Recently, Dai and Wang has proposed
a novel approach to study the result when three waves of different
frequencies and different propagation velocity meet interaction,
namely, extended three-soliton method [16-18], they study the
behavior of dynamics of higher dimensional nonlinear integrable
system by using extended three-soliton method and obtained
some new type solutions of integrable nonlinear evolution
equations.

In this work, the multi-wave method is proposed to seek for
new exact solitary solution for nonlinear evolution equation. The

* Corresponding author. Tel.: +86 0772 2687015.
E-mail addresses: shiyeqiong89@163.com, yegiongsh@yahoo.com.cn (Y. Shi).

0045-7930/$ - see front matter © 2012 Elsevier Ltd. All rights reserved.
http://dx.doi.org/10.1016/j.compfluid.2012.08.005

Sawada-Kotera equation is employed as an example to illustrate
the effectiveness of the suggested method and some new wave
solutions with four different velocities and frequencies are ob-
tained, include periodic solitary wave solutions, bright soliton
wave solutions, W-type wave solutions, etc.

The (2 + 1)-dimensional Sawada-Kotera equation was proposed
by Konopelcheno and Dubrovsky in [19]:

2. The bilinear form of the (2 +1)-dimensional Sawada-Kotera
equation

U = <uxxxx + 5Ully, Jrgu3 + 5uxy> - 5/ Uy, dx + 5uu, + SuX/ udx. (1)
X

It was widely used in many branches of physics, such as confor-
mal field theory, two-dimensional quantum gravity gauge field,
theory and nonlinear science Liuvill flow conservation equations
[20]. The symmetry analysis and finding the exact solutions of
Eq. (1) were studied in Refs. [21-24]. In this work, we are going
to seek for more new type solutions of Eq. (1) by using the mul-
ti-wave method.

Let’s suppose

u= _z(lnF)xx7 2)

where F = F(x, y, t) is an unknown real function.
Substituting Eq. (2) into Eq. (1) we can reduce Eq. (1) into the
bilinear form as follows:

(D + 5DyD; — 5D; + D,Dy)(F - F) = 0, (3)
where the D-operator is defined by
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Eq. (3) can be also rewritten as

FrexweF — 6FwosexFx + 15FeFxx — 10F2, + 5F sy F — 5FycFy

— 15FFx + 15F«Fyy, — 5F ) F + SFﬁ + FyF — FxFr = 0. (5)
3. The new exact solutions of the (2 +1)-dimensional
Sawada-Kotera equation

In this case we propose a novel test function of extended three-
soliton method:

F(x,y,t) = a; cos & + a; cosh &, + exp(—¢&3) + as exp(&s). (6)

where ¢ = kix + h;y + w;t, ki, h; is the real parameters of amplitude
of the ith soliton. w; is the wave speed, ai(i =1, 2, 3) are arbitrary
constants.

Substituting Eq. (6) into Eq. (5), and equating the coefficients of
all powers of sin¢;exp(+¢&3), sin g sinh ¢, cos &g exp(+Es),
cos &1 cosh &, sin & exp( £ £3), cos &, exp( £ £3), exp(0), we can ob-
tain a set of algebraic equations for ay, a,, as, k;, h;, w; (i=1, 2, 3),
a;as(—10h1hs — 20k k3 + 6k3ky — 15h1K3ks + kswy + 6k]ks

+ kyws + 5k3hy — 5k hs + 15k3hsky) = 0,

a;(15h1 K2 ks — 15k3hsky — 5kiaqhy + 5kihs + 10h;hs
+ 20k k; — 6kJks — kswy — 6k3ky — kyws) =0,

a10;(5k3hy — 15112k + 6Kk + kawy + kyw, — 20Kk
—10hyhy — 5k3hy + 15,5k, + 6k5ky) = 0,

a,a3(—15k°kshs + 5hik; — kS 4 5h% — 15K3Kk% + ksws + 5k3hs
—15Kk5hiky — wiky + 15Kk + kS — 5h3) = 0,

ay (kS — wiky + 5kahs + 15K} K5 — 15K5K2 + 5hyks + ksws
— a;kS + 5h% — 5h3 — 15k kshs — 15k2hik;) = 0,

10 (Woky — 15k2hiky — wiky — kS + 5h% + kS — 513 + 5hykd
+ 15Kk — 15k hyky + 5hik; — 15K5k3) = 0,

ay03(—5h5 + kS + 15K kshs + 5haok;, + 5kahs + 15k5hyk,
+ 15K5K5 + 15K3k5 — 5h5 + kS +waky + ksws) = 0,

a5(15k2kshs — 5h% + 15k3haky + kS — 5h5 + kS + wak,
+15K3K; + Shyk; + 15K5K5 + 5kahs + ksws) = 0,

Fig. 1. Double solitons. (The figure of u; at a3 =2, k3 =0.5,h3=2,t=0.)

a,03(—15k3hsky + 10hyhs — 15hak5ks — 6Kk, — 5kahs
— 6loks — kyws — 20k3k3 — kswy — 5k3hy) = 0,

a2(20k; k5 — 10hshs + 15hak5ks + 15k hsky + 5kahy + 6Kk,

+ k2W3 + Gkgkg + k3W2 -+ 5’(;}13) = 07

a3(—20h + 64K5 + 80k3hs + 4ksws) + a3 (5h — 16k + 20k3hy — kyw,)
+a3(20h3k; — 5h3 + 16K + waky) = 0.

Solving this system of algebraic with the aid of Maple, we ob-
tain nine sets of solutions as follows,

3.1. Case 1

—5h3 + 16k; + 20k3hs

a1:07 02:07 W3 = — k3 (7)

where as, k3, hs are free parameters. Substituting (7) into Eq. (6)
with Eq. (2), we can obtain the soliton solution of Eq. (1) as
Uy = —2k5 + 2k2[tanh(é; + In /a3))%, (8)
2 6 3
here & = ksx + hsy — %ﬁzmt, as, ks, hs are arbitrary
constants, ks, hy are the wave numbers of the x_direction and
. . . —5h2+16k5+20k3h;
y_direction respectively, w; = e the wave speed.
We can see u; is a soliton solution which is shown in Fig. 1.

3.2. Case 2

@K} — W3k} + 2K hs + 2K hs — hiky — 2hihsky — hY — 4ok + 5K — ki — 3k hy + 3K)
4k} — Kihs + 3 + 5k; — hok} — 4k3hs — 3hs + 2hik; — hy + 2hyky — K — 2hyhsky)

wy _ 10hski —5hi + 10ichs — 10hyhs + 5k + 9k> — 5ky + 5hyk} — ki + 5hiky — 5hik,
(1+Kk) ’

(=9k* + 1 + 5k}hs + 10h hsky — 5h% — 5hs — 5k} + 5k — 10h,k; — 10k hy + 5h?)
(1+Kk)

W3 = ’

a, = 0, a = ag, (9)
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