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a b s t r a c t

The principal goal of this paper is to amend oscillation results obtained in the recent paper
by Saker and O’Regan (2011) [9].

� 2014 Elsevier B.V. All rights reserved.

1. Introduction

During the past few years, a great deal of interest in oscillatory behavior of various classes of differential equations and
dynamic equations on time scales has been shown. We refer the reader to [1–4,6–9,12] and the references cited therein.
Many papers deal with the oscillation of neutral equations which are often encountered in applied problems in science
and technology; see, for example, Hale [5]. In particular, Saker and O’Regan [9] studied the oscillation of a class of
second-order neutral dynamic equations
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ðtÞ þ f ðt; yðhðtÞÞÞ ¼ 0; t 2 t0;1½ ÞT; ð1:1Þ

where T is a time scale with sup T ¼ 1 and x :¼ yþ r � y � s. Throughout, we assume that the following hypotheses are
satisfied:

(h1) c P 1 is a quotient of odd positive integers, r and p are real-valued rd-continuous positive functions defined on

t0;1½ ÞT :¼ t0;1½ Þ \ T,
R1

t0

1
pðtÞ

� �1=c
Dt ¼ 1, and 0 6 rðtÞ < 1;

(h2) s; h 2 Crdð t0;1½ ÞT;TÞ; sðtÞ 6 t, and lim
t!1

sðtÞ ¼ lim
t!1

hðtÞ ¼ 1;

(h3) f 2 Cð t0;1½ ÞT � R;RÞ; uf ðt;uÞ > 0 for all u – 0, and there exists a positive rd-continuous function q defined on t0;1½ ÞT
such that jf ðt;uÞjP qðtÞjucj.

A time scale T is an arbitrary nonempty closed subset of the real numbers R. On any time scale we define the forward and
backward jump operators by rðtÞ :¼ inffs 2 Tjs > tg and qðtÞ :¼ supfs 2 Tjs < tg, where inf ; :¼ sup T and sup ; :¼ inf T; ;
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denotes the empty set. A point t 2 T is said to be left-dense if qðtÞ ¼ t and t > inf T, right-dense if rðtÞ ¼ t and t < sup T, left-
scattered if qðtÞ < t, and right-scattered if rðtÞ > t. Points that are right-scattered and left-scattered at the same time are
called isolated. Regarding the time scales that consist of only isolated points (the so-called isolated time scales); see, for
instance, T ¼ Z, T ¼ hZ; T ¼ qN, and T ¼ N2

0, etc. The graininess function l : T! ½0;1Þ is defined by lðtÞ :¼ rðtÞ � t, and
for any function f : T! R the notation f rðtÞ :¼ f ðrðtÞÞ. Some other concepts related to time scales; see Bohner and Peterson
[3], Xia et al. [10], and Xia et al. [11].

Set t�1 :¼mint2 t0 ;1½ ÞTfsðtÞ; hðtÞg. By a solution of Eq. (1.1) we mean a function y 2 C1
rdð t�1;1½ ÞT;RÞ such that

x 2 C1
rdð t0;1½ ÞT;RÞ; pðxDÞc 2 C1

rdð t0;1½ ÞT;RÞ, and y satisfies (1.1) on t0;1½ ÞT. We consider only solutions satisfying
supfjyðtÞj : t 2 t�;1½ ÞTg > 0 for all t� 2 t0;1½ ÞT and tacitly assume that Eq. (1.1) possesses such solutions. A solution of
(1.1) is called oscillatory if it is neither eventually positive nor eventually negative; otherwise, it is called nonoscillatory.

To obtain oscillation criteria for (1.1), Saker and O’Regan [9] utilized a class of functions as follows: H 2 R if
H : t0;1½ ÞT � t0;1½ ÞT ! R and satisfies the conditions:

(i) Hðt; tÞ ¼ 0; t P t0; Hðt; sÞ > 0; t > s P t0;
(ii) HDs ðt; sÞ � 0 for t > s P t0, and for each fixed t;HDs ðt; sÞ is an rd-continuous function with respect to s.

In what follows, we use the notation:

PðtÞ :¼ qðtÞð1� rðhðtÞÞÞc; QðtÞ :¼ PðtÞacðtÞ;

Pðt; TÞ :¼
Z t

T

Ds

p
1
cðsÞ

; aðtÞ :¼ p
1
cðtÞPðt; TÞ

p
1
cðtÞPðt; TÞ þ lðtÞ

;

wðtÞ :¼ drðtÞ½QðtÞ � ðpðtÞaðtÞÞD þ acðtÞpðtÞa1þ1
cðtÞ�; CðtÞ :¼ ðcþ 1Þ d

rðtÞacðtÞa1
cðtÞ

dðtÞ þ dDðtÞ
dðtÞ ;

and

Mðt; sÞ :¼ 1

ðcþ 1Þcþ1

pðsÞdcþ1ðsÞ
ðdrðsÞacðsÞÞc

CðsÞ þ HDs ðt; sÞ
Hðt;rðsÞÞ

" #cþ1

;

where a; d 2 C1
rdð t0;1½ ÞT;RÞ and dðtÞ > 0.

Theorem 1.1 (See [9, Theorem 2.1]). Assume that conditions ðh1Þ–ðh3Þ and hðtÞ > t are satisfied. Suppose also that there exist two
functions a; d 2 C1

rdð t0;1½ ÞT;RÞ such that, dðtÞ > 0 and

lim sup
t!1

1
Hðt; TÞ

Z t

T
Hðt;rðsÞÞ½wðsÞ �Mðt; sÞ�Ds ¼ 1 ð1:2Þ

holds for some H 2 R and for sufficiently large T. Then every solution of Eq. (1.1) is oscillatory.
Let T only contain isolated points, i.e.,

rðtÞ > t and qðtÞ < t for t 2 t0;1½ ÞT: ð1:3Þ

It is not difficult to observe that Hðt; tÞ ¼ 0 such that the function M is undefined on s ¼ qðtÞ. Hence, we need to change the
upper limit of integral in (1.2). The objective of this paper is to solve this question. In what follows, all functional inequalities
are tacitly assumed to hold for all t large enough.

2. Main results

Theorem 2.1. Assume that conditions ðh1Þ–ðh3Þ; hðtÞ > t, and (1.3) are satisfied. If there exist two functions
a; d 2 C1

rdð t0;1½ ÞT;RÞ such that, aðtÞP 0; dðtÞ > 0, and

lim sup
t!1

1
Hðt; TÞ

Z qðtÞ

T
Hðt;rðsÞÞ½wðsÞ �Mðt; sÞ�Ds ¼ 1 ð2:1Þ

holds for some H 2 R and for sufficiently large T, then every solution of Eq. (1.1) is oscillatory.

Proof. Let y be a nonoscillatory solution of (1.1). Without loss of generality, we may assume that there exists a t1 2 t0;1½ ÞT
such that yðtÞ > 0; yðsðtÞÞ > 0, yðhðtÞÞ > 0 for all t 2 t1;1½ ÞT. It follows from [9, Lemma 2.1] that there exists a T 2 t1;1½ ÞT
such that
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