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a b s t r a c t

Based on the renormalization group method, Kirkinis (2012) [8] obtained an asymptotic
solution to Duffing’s nonlinear oscillation problem. Kirkinis then asked if the asymptotic
solution is optimal. In this paper, an affirmative answer to the open problem is given by
means of the homotopy analysis method.

� 2014 Elsevier B.V. All rights reserved.

1. Introduction

Many real world problems can be reduced to the problem of solving nonlinear differential equations. Effective analytic
methods such as renormalization group method and homotopy analysis method have been developed to solve these nonlin-
ear problems.

Renormalization group (or RG) method [5,6] is an effective approach to asymptotically solve a variety of initial and
boundary value problems for singularly perturbed differential equations and many related problems [4,15]. It proceeds by
finding a regular perturbation solution, and then eliminating its secular terms by replacing integration constants with slowly
varying functions, thereby resulting in a uniformly valid expansion.

In 2012, based on the renormalization group method, Kirkinis [8] considered the standard nonlinear oscillation problem
of Duffing

€yþ yþ �y3 ¼ 0; yð0Þ ¼ 1; _yð0Þ ¼ 0; �! 0þ ð1Þ

and obtained an asymptotic solution up to third order in �
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The first-order result of (2) recovers the multiple-scale result of Bender and Orszag [3]. At the end of the paper [8],
Kirkinis asked if the asymptotic expansion (2) to the initial value problem (1) is optimal. In this paper, we give an affirmative
answer to the open problem by means of the homotopy analysis method.

The homotopy analysis method (or HAM) [11–13] is a general analytic approach for seeking series solutions to nonlinear
differential equations. It has been applied to solve many problems [1,9,10,17,18] in science and engineering. One of the out-
standing features of the HAM is that it provides a convergence-control parameter c0 which can be used to adjust and control
the convergence regions and rates of the resulting series solutions. So the parameter c0 can be used to deal with a lot of opti-
mization problems [2,7,14,16].

In the popular paper [13], Liao discussed the homotopy analysis method in extensive detail via the nonlinear oscillation
problem governed by

€yþ kyþ �y3 ¼ 0; yð0Þ ¼ 1; _yð0Þ ¼ 0; �P 0; ð5Þ

where k 2 ð�1;þ1Þ. It is seen that the nonlinear oscillation problem (1) is only a special case of the nonlinear oscillation
problem (5).

In his book in 2003 [11], Liao investigated the frequency x of the oscillation problem (1) (with initial condition yð0Þ ¼ a
instead of yð0Þ ¼ 1). He obtained a second-order HAM approximation of the frequency x with a maximum error of only
0.07% for all � 2 ½0;þ1Þ.

The treatment in this paper is problem-oriented and specific. In Section 2, to solve the open problem, the HAM is applied
to seek a series solution to the initial value problem (1); then by choosing an appropriate value of the parameter c0, Kirkinis’s
asymptotic solution is recovered; finally by examining the averaged residual error of the approximation, the optimality of
Kirkinis’s asymptotic solution is verified. In Section 3, some concluding remarks are given.

2. A detailed solution

Let x0 be the initial guess of the frequency x of the oscillation. Under the transformation uðsÞ ¼ yðtÞ; s ¼ xt, the initial
value problem (1) becomes

x2u00ðsÞ þ uðsÞ þ �u3ðsÞ ¼ 0; uð0Þ ¼ 1; u0ð0Þ ¼ 0; �! 0þ: ð6Þ

2.1. A HAM approximation

To obtain a HAM approximation to the transformed initial value problem (6), one first constructs the zeroth-order defor-
mation equation

ð1� qÞL½Uðs; qÞ � u0ðsÞ� ¼ qc0N ½Uðs; qÞ;XðqÞ�; ð7Þ

with the initial guess u0ðsÞ ¼ cosðsÞ, the auxiliary linear operator

L½Uðs; qÞ� ¼ x2
0
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" #

and the nonlinear operator

N½Uðs; qÞ;XðqÞ� ¼ X2ðqÞ @
2Uðs; qÞ
@s2 þUðs; qÞ þ �U3ðs; qÞ:

It is seen that, as q increases from 0 to 1; Uðs; qÞ deforms from the initial guess u0ðsÞ ¼ cosðsÞ to the exact solution uðsÞ
while XðqÞ varies from the initial guess x0 to the exact frequency x.

Expand Uðs; qÞ and XðqÞ in Taylor series of q as follows:

Uðs; qÞ ¼ u0ðsÞ þ
Xþ1
m¼1

umðsÞqm;

XðqÞ ¼ x0 þ
Xþ1
m¼1

xmqm:

Note that Uðs; qÞ and XðqÞ depend on the convergence-control parameter c0. Assuming c0 is properly chosen so that the
above series converge at q ¼ 1, we have the solution series

uðsÞ ¼ u0ðsÞ þ
Xþ1
m¼1

umðsÞ; ð8Þ

x ¼ x0 þ
Xþ1
m¼1

xm: ð9Þ
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