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a b s t r a c t

The paper proposes a fractional calculus approach to continuous wavelet analysis. Upon in-

troducing a Mellin transform expression of the mother wavelet, it is shown that the wavelet

transform of an arbitrary function f(t) can be given a fractional representation involving a suit-

able number of Riesz integrals of f(t), and corresponding fractional moments of the mother

wavelet. This result serves as a basis for an original approach to wavelet analysis of linear

systems under arbitrary excitations. In particular, using the proposed fractional representa-

tion for the wavelet transform of the excitation, it is found that the wavelet transform of the

response can readily be computed by a Mellin transform expression, with fractional moments

obtained from a set of algebraic equations whose coefficient matrix applies for any scale a of

the wavelet transform. Robustness and computationally efficiency of the proposed approach

are shown in the paper.

© 2015 Elsevier B.V. All rights reserved.

1. Introduction

The key concept of the wavelet transform is to provide a time-frequency representation of a signal based on a double series

of functions called ‘‘wavelets” [1–3]. A wavelet is a local function of time, generated by scaling and shifting a single ‘‘mother’’

function. By scaling, the time duration of the wavelet can be adjusted according to the local frequency content of the signal

while, by shifting, the time evolution of the frequency content can be investigated. Wavelets at small scales provide an accurate

time resolution, to capture high-frequency components associated with short-lived phenomena, and wavelets at large scales

provide an enhanced frequency resolution to capture low-frequency components representing long-lasting trends. Wavelet

analysis is now a well-established tool for time-frequency analysis of many signals, with significant advantages over standard

Fourier transform and short-time Fourier transform [4]. Wavelet families associated with specific mother functions have proved

appropriate for a variety of mechanics related problems as, among others, analyses of dynamic systems with time-varying

characteristics [4], analyses of structural responses to non-stationary excitations [5,6], time-varying spectra estimation [7–10],

system identification [11,12], damage detection [13,14], solutions of boundary-value problems [15] and functional equations

[16,17], finite element analysis [18]. Continuous and discrete wavelet transforms exist. The discrete wavelet transform differs

from the continuous one as involves a discrete set of scales and shifts, and is particularly suitable for digital signal processing.

Comprehensive reviews on the use of continuous and discrete wavelet transforms may be found in refs. [18–20].
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Despite the voluminous body of literature, there are still several issues worth investigating in wavelet analysis, both theoretical

and numerical. From a theoretical point of view, it may be of interest to investigate potential relations between the wavelet

transform and alternative transforms available in the literature. From a numerical point of view, for instance, an efficient

computation of the wavelet transform is highly desirable when performing wavelet analysis of the dynamic response of a

system. An attempt to provide a response to these questions is pursued, in this paper, by fractional calculus concepts.

Fractional calculus has attracted a growing interest in the last decades [21–24]. Fractional operators have proved successful in

representing long memory or non-local effects [25–28], with typical applications to viscoelasticity [29–33] and biomechanics [34].

The suitability of fractional operators for representing functions/variables of particular interest in engineering has been widely

investigated, and applications have been proposed for probability density functions, characteristic functions, power spectral

densities [35–37]. In particular, in this context a Mellin transform representation has been used, i.e. an integral representation

involving fractional moments of the transformed function [35–37].

Relations between wavelet transform and fractional calculus have been investigated in several, very recent studies

[38–47], where wavelets have been used to build numerical solutions of fractional differential equations with various frac-

tional operators, or fractional wavelet families have been used [48,49]. A different perspective is taken in this paper because here,

as in a few previous studies [50], the main purpose is to apply fractional calculus concepts to wavelet analysis. This objective

is pursued in two steps. First, starting from a Mellin transform expression of the mother wavelet, the wavelet transform of an

arbitrary function f(t) is given a suitable fractional representation involving Riesz integrals of the transformed function f(t), and

corresponding fractional moments of the mother wavelet. Second, using the proposed fractional representation for the wavelet

transform of the excitation of a linear system, it is shown that the wavelet transform of the response can be computed by a Mellin

transform expression with fractional moments obtained from a set of algebraic equations, whose coefficient matrix applies for

any scale a of the wavelet transform. Computational advantages of the proposed approach are discussed throughout the paper,

while its robustness is substantiated by numerical applications.

The paper comprises five sections. Wavelet transform and Mellin transform are discussed in Section 2. Sections 3 and 4

present respectively the proposed fractional representation of the wavelet transform and the Mellin transform approach to

wavelet analysis of linear systems under arbitrary excitations. Numerical applications are reported in Section 5.

2. Theoretical background

This Section illustrates basic concepts of wavelet transform and Mellin transform. Attention is focused on some properties of

the Mellin transform, which will be used to formulate the fractional calculus approach to wavelet analysis proposed in the paper.

2.1. Wavelet transform

The continuous wavelet transform of a function f (t) is defined as [1,2]:

Wf

(
a, b

) = 1√
a

∫ ∞

−∞
f (t)ψ

(
t − b

a

)
dt (1)

where ψ(t) is the mother wavelet, a ∈ R
+ and b ∈ R are scale and shift of the mother wavelet along the t domain. Both a

and b are continuous parameters within the respective domain. Time and frequency localization properties of the wavelet

transform depend on the value of the scale a. As a approaches zero or +�, the compressed or dilated wavelet a−1/2ψ((t − b)/a)
provides increasingly sharper or coarser time resolution, with the corresponding wavelet transform Wf (a, b) displaying the

small-scale/high-frequency or large-scale/low-frequency features of the function f (t), at various locations b.

From the set of coefficients Wf (a, b) the function f (t) can be reconstructed in the form:
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|�(ω)|2

|ω| dω < ∞ (2a,b)

where �(ω) is the Fourier transform of the mother wavelet ψ(t). Notice that Eq. (2b) corresponds to a certain number of

sub-conditions on the mother wavelet ψ(t), as detailed in ref. [19].

2.2. Mellin transform

Be f (t) ∈ R a square-integrable function defined over the t ≥ 0 domain. The Mellin transform of complex order γ = ρ + iη
and the corresponding inverse are defined as:

FM(γ ) = M{f (t); γ } ≡
∫ ∞

0

tγ −1f (t)dt (3)

f (t) = M−1{FM(γ ); t} ≡ 1

2π

∫ ∞

−∞
FM(γ )t−γ dη (t > 0) (4)

For Eqs. (3) and (4) to hold, ρ = Re[γ ] must belong to the so-called fundamental strip of the complex plane −p < ρ < −q. The

limits of the fundamental strip are related to the asymptotic behavior of the transformed function f (t), i.e. f (t) ∼ tp for t → 0 and

f (t) ∼ tq for t → ∞. Notice that the Mellin transform (3) can also be referred to as complex fractional moment of order (γ − 1)of

the function f (t) [37].
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