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Automatic differentiation evaluates the programming code of the cost function and pro-

vides exact values of the derivatives. In contrast to numerical differentiation it is not suf-

fering from approximation errors and compared to symbolic differentiation it is more

convenient to use, because no closed analytic expressions are required. Furthermore, we
. . demonstrate how to generalize the parameter estimation scheme to delay differential
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1. Introduction

For many processes in physics or other fields of science mathematical models exist (in terms of differential equations, for
example), but not all state variables are easily accessible (measurable) and proper values of model parameters may be
(partly) unknown. In particular, detailed biological cell models (e.g., cardiac myocytes [1]) may include many variables
which are difficult to access experimentally and, in addition, depend on up to hundreds of physical parameters whose values
have to be determined. To estimate unobserved variables (as a function of time) and model parameters different identifica-
tion methods have been devised [2-14,16-18,20,19]. These methods have in common that an attempt is made to adjust the
model output (in general a function of the state variables) to some (experimentally) observed time series. To achieve agree-
ment, unobserved variables and unknown model parameters are suitably adjusted such that the model reproduces and fol-
lows the observed time series. In geosciences and meteorology (e.g., whether forecasting) this procedure is often called data
assimilation and describes the process of incorporating new (incoming) data into a computer model of the real system.

A general framework for state estimation provides, for example, the path integral formalism including a saddle point
approximation [15,16]. This formalism can be used to state the estimation problem as an optimization problem [19,12-
14,18]. If an optimization method is employed that is based on gradient descent (such as the well-known Levenberg-
Marquard method [21,22]), in general the Jacobian matrix of the cost function has to be provided, whose derivation may
be quite cumbersome (and error-prone), depending on the structure of the cost function and the underlying mathematical
model of the dynamical system. To estimate the Jacobian matrix one may approximate it by numerical derivatives (often
spoiled by unacceptably large truncation errors) or use symbolic mathematics, which requires, however, that the function
to be derived has to be given in closed form.

* Corresponding author at: Max Planck Institute for Dynamics and Self-Organization, Am FaRBberg 17, 37077 Gottingen, Germany. Tel.: +49 551 5176 369.
E-mail addresses: jan.schumann-bischoff@ds.mpg.de (J. Schumann-Bischoff), stefan.luther@ds.mpg.de (S. Luther), ulrich.parlitz@ds.mpg.de (U. Parlitz).

1007-5704/$ - see front matter © 2013 Elsevier B.V. All rights reserved.
http://dx.doi.org/10.1016/j.cnsns.2013.02.017


http://crossmark.dyndns.org/dialog/?doi=10.1016/j.cnsns.2013.02.017&domain=pdf
http://dx.doi.org/10.1016/j.cnsns.2013.02.017
mailto:jan.schumann-bischoff@ds.mpg.de
mailto:stefan.luther@ds.mpg.de
mailto:ulrich.parlitz@ds.mpg.de
http://dx.doi.org/10.1016/j.cnsns.2013.02.017
http://www.sciencedirect.com/science/journal/10075704
http://www.elsevier.com/locate/cnsns

2734 J. Schumann-Bischoff et al./ Commun Nonlinear Sci Numer Simulat 18 (2013) 2733-2742

A convenient alternative to both of these methods is automatic differentiation [24] where exact numerical values of the
required derivatives are computed by analyzing a given source code implementation of the cost function. As will be shown
here automatic differentiation leads in this context not only to a very flexible and efficient algorithm for computing the re-
quired Jacobian but also provides the sparsity pattern of the Jacobian which is exploited by suitable optimization methods. In
Section 2 we will give a formal description of the optimization problem to be solved for state and parameter estimation. Then
we briefly present in Section 3 the concept of automatic differentiation in the form used here. As an illustrative example we
show in Section 4 how to estimate the model parameters of the Lorenz-96 model. In Section 5 we discuss how to estimate
the delay time in delay differential equations and provide in Section 6 an example (Mackey-Glass model).

2. State and parameter estimation method

The method used here to adapt a model to a time series is based on minimizing a cost function and was introduced in Ref.
[19]. For completeness we present in the following an extended version covering also delay differential equations (DDEs).

We assume that a multivariate R-dimensional time series {g(n)} is given consisting of N + 1 samples y(n)=n(t,) € R
measured at times 7 = {t, =n-Atjn=0,1,...,N}. For simplicity the observation times t, are equally spaced (with a
fixed time step At) and start at t; = 0. The estimation method can easily be extended to nonuniformly sampled obser-
vations (see Ref. [19]). Here we consider the general case of a model given by a set of coupled delay differential equa-
tions (DDEs)

dy

YO _ Fy(e)y.(0).p.0). 1)
with yr(t) = y(t — 7). The state vector (s) ¥(t) = (¥;(t),...,¥p(t))", the delay parameter T € R and the U model parameters
p=(p,,....py)" are unknown and have to be estimated from the time series {#(n)}. Estimating t can not be conducted

as estimating p, because F(y(t),y.(t),p, t) does not explicitly depend on t. In fact F(y(t),y.(t),p, t) depends on y,(t) which
is a function of 7. We shall later come back to this topic.

Note that (1) also describes (as a special case) models given by coupled ordinary differential equations (ODEs). In this case
the right-hand side of (1) is independent of y,(t) and thus can be replaced by F(y(t),p, t) (see Ref. [19] for details).

To estimate the unknown quantities a measurement function

z(t) = h(y(t).q.t), (2)
is required to represent the relation between model states y(t) and the z(t) corresponding to the observations {#(n)}. This
measurement function may contain V additional unknown parameters q = (g, . ..,qy)" that also have to be estimated using

information from the given time series {n(n)}.
2.1. Cost function

The goal of the estimation process is to find a set of values for all unknown quantities such that the model equations pro-
vide via measurement function (2) a model times series {z(t,)} that matches the experimental time series {#(t,)}. In other
words, the average difference between #(t,) and z(t,) should be small. Furthermore, the model equations should be fulfilled
as well as possible. This means that modeling errors u(t) are allowed, but should be small. Therefore, model (1) is extended
to

YO _ Fy0).y.(0).p.) + (o). 3)

The smaller u(t) is the better the model Eq. (1) are fulfilled. Next, for simplicity, u(t) and y(t) will be discretized at the
times in 7. This means that y(t) will be sampled at the same time when data are observed. With y(n)=y(n - At)=y(t,) and
Y(a,b) ={y(n)iln=a,a+1,...,b} the set of values of the discretized model variables can be written as Y(0, N). The quanti-
ties in Y(0,N) have to be estimated in addition to p and q. With the same discretization we have {u(n)} = {u(t,)}. At this
point we assume a fixed (not to be estimated) delay t = k - At with k € N which is not necessarily equal to the delay param-
eter of the physical process underlying the data. This simplifies the discretization of the delayed variable to
y.(t)=y(n-At—k-At) =y((n—k)-At) =y(n—k) =y,(n). The set of the discretized delayed variable is then
Yk(0,N) = Y(—k,N — k). Note that Y(—k,N — k) = Y(—k,—1) UY(0,N — k). Since Y(0,N — k) c Y(0,N), Y(0,N — k) contains
no additional quantities to be determined. Only the variables in Y(—k, —1) are additional quantities which have to be esti-
mated. Typically the delay time is much shorter than the length of the time series N - At and hence the number of elements in
Y(—k,—1) is much smaller than in Y(0, N). Therefore the number of quantities to be estimated does not increase much com-
pared to a model given by ODEs (with similar D and N) where Y(—k, —1) has not to be estimated.

The discretization of (3) is then given by

—Fly(m),y(n),p, ta), (4)
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