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that the formula of solutions in cited papers are incorrect. Secondly, we reconsider a class
of impulsive fractional differential equations and introduce a correct formula of solutions
for a impulsive Cauchy problem with Caputo fractional derivative. Further, some sufficient
conditions for existence of the solutions are established by applying fixed point methods.
Some examples are given to illustrate the results.
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1. Introduction

Fractional differential equations have recently proved to be strong tools in the modeling of many physical phenomena. It
draws a great application in nonlinear oscillations of earthquakes, many physical phenomena such as seepage flow in porous
media and in fluid dynamic traffic model. For more details on fractional calculus theory, one can see the monographs of
Diethelm [1], Kilbas et al. [2], Lakshmikantham et al. [3], Miller and Ross [4], Michalski [5], Podlubny [6] and Tarasov [7].
Fractional differential equations involving the Riemann-Liouville fractional derivative or the Caputo fractional derivative
have been paid more and more attentions (see for example [8-18]).

This paper is motivated from some recent papers treating the problem of the existence of solutions for impulsive differ-
ential equations with fractional derivative. By directly computation it is easy to see that the concepts of piecewise contin-
uous solutions used in many papers are not appropriate. To prove our claim, consider the impulsive problem

D§ u(t) := Dfu(t) = f(t,u(t)), t €J :==J\ {tr,...,tm}, J:=1[0,T],
Au(ty) = L(u(ty)), k=1,2,....m, (1)
u(0) = uo,

where °D{ is the Caputo fractional derivative of order q € (0,1) with the lower limit zero, up € R, f: ] x R — R is jointly contin-
uous, I : R » Rand i satisfy 0=tg <ty < <ty < beq = T, u(ty) = lim_g+ u(ty + €) and u(ty) = lime_o-u(ty + €) represent the
right and left limits of u(t) at t = t.
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The approach used in the cited papers [19-23] is based on the results of Eq. (1) is equivalent to the following integral
equation

U+ Jo(6=3)""f(s,u(s))ds, for te[0,ty),
ut)y={": (2)

uo+r(q Z [:" )T f(s,u(s))ds+ 7 fi (=) f(s,u)ds+ X L(u(ty)), for te (ti,tia], k=1.2,..m.

k- 1 O<tp<t

Then one can say that a function u € PC'(J,R) is called a solution of Eq. (1) if u satisfies Eq. (2). However, it is easy to see that
this concept of a solution is not realistic. Let’s consider the following counterexample:

t, te(0,2]\ {1},

As a special case of Eq. (1), the solution of Eq. (3) is given by

u(t)=%/0](175)‘1"’]sds+%/] (tfs)"lsds+1., for te(1,2]. (4)

4) - 4

Then one can verify that u glven by (4) does not satlsfy (3). In fact, since the general solution of the first equation of (3) is
given by u(t) = ¢ + i fo (t—s) lsds = ¢ + ‘f ) ti on any open subinterval of (0,2]\{1} for a constant c, it is easy to see that

5

5:1&)r for0<t<1,
u(t) = (3)
1 +3 (1) & for1<t<?2
4

solves (3). On the other hand, formula (4) gives

16 4 )
u(t):ﬂﬁ-l 5F()(t—l)4(4t+l)

for 1 < t < 2, which is different from (5). After making some carefully analysis, one can find that the source of the error should
be the memory property of fractional calculus. Many researchers gonsnder the problem on interval (1 2] with the Caputo
derivative fD“_ and not fD“ Unfortunately, it does not hold that °Df restricted on interval (1,2] is CD"

Motivated by the above remarks, we reconsider the impulsive differential equations with Caputo fractlonal derivative and
seek a correct formula of the solution for this problem. Consider the Cauchy problems for the following impulsive fractional
differential equations

Diu(t) =f(t,u(t), tel,
u(ty) =u(ty) +y, k=1,2,....m, (6)
u(0) =up, y€R.

In the present paper, we try to seek a correct formula of solutions for Eq. (6). Fortunately, we find that the formula of
solutions for Eq. (6) should be

Uo + 75 Jo(t =)' f(s,u(s))ds, for te[0,t),
Uo+ Y1 + g Jo(t = )T f(s,u(s))ds, for te (tr,ty),
u(ty= J Yoty Y2+ o fo(t =) f(s,u(s))ds, for te (6 t3), (7)

U+ 32yt i ot =)' f(s,u(s))ds, for te (tm,T].
i=1

The rest of this paper is organized as follows. In Section 2, we give some notations, recall some concepts and preparation
results, and introduce a concept of a piecewise continuous solution for our problem. In Section 3, we give three main results,
the first result based on Banach contraction principle, the second result based on Schaefer’s fixed point theorem, the third
result based on nonlinear alternative of Leray-Schauder type. Some examples are given in Section 5 to demonstrate the
application of our main results.
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