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a b s t r a c t

In this paper, we are concerned with the existence and uniqueness of positive solutions for
the following fractional boundary value problems given by

�Da
0þuðtÞ ¼ f ðt;uðtÞÞ þ gðt;uðtÞÞ; 0 < t < 1; 3 < a 6 4;

where Da
0þ is the standard Riemann–Liouville fractional derivative, subject either to the

boundary conditions uð0Þ ¼ u0ð0Þ ¼ u00ð0Þ ¼ u00ð1Þ ¼ 0 or uð0Þ ¼ u0ð0Þ ¼ u00ð0Þ ¼ 0;
u00ð1Þ ¼ bu00ðgÞ for g; bga�3 2 ð0;1Þ. Our analysis relies on a fixed point theorem of a sum
operator. Our results can not only guarantee the existence of a unique positive solution,
but also be applied to construct an iterative scheme for approximating it. Two examples
are given to illustrate the main results.

� 2012 Elsevier B.V. All rights reserved.

1. Introduction

Fractional differential equations arise in many fields, such as physics, mechanics, chemistry, economics, engineering and
biological sciences, etc.; see [1–13] for example. In recent years, the study of positive solutions for fractional differential
equation boundary value problems has attracted considerable attention, and fruits from research into it emerge continu-
ously. For a small sample of such work, we refer the reader to [14–22] and the references therein. On the other hand, the
uniqueness of positive solutions for nonlinear fractional differential equation boundary value problems has been studied
by some authors, see [17–19,21,23] for example.

In this paper, we consider a nonlinear differential equation of fractional order having the form

�Da
0þuðtÞ ¼ f ðt;uðtÞÞ þ gðt;uðtÞÞ; 0 < t < 1; 3 < a 6 4; ð1:1Þ

where Da
0þ is the standard Riemann–Liouville fractional derivative, subject to a couple of sets of boundary value conditions.

In particular, we first consider problem (1.1) subject to

uð0Þ ¼ u0ð0Þ ¼ u00ð0Þ ¼ u00ð1Þ ¼ 0: ð1:2Þ

We then consider the case in which the boundary value conditions are changed to

uð0Þ ¼ u0ð0Þ ¼ u00ð0Þ ¼ 0; u00ð1Þ ¼ bu00ðgÞ; ð1:3Þ

1007-5704/$ - see front matter � 2012 Elsevier B.V. All rights reserved.
http://dx.doi.org/10.1016/j.cnsns.2012.08.037

q The research was supported by the Youth Science Foundations of China (11201272) and Shanxi Province (2010021002-1).
⇑ Corresponding author.

E-mail addresses: cbzhai@sxu.edu.cn, cbzhai215@sohu.com (C. Zhai).

Commun Nonlinear Sci Numer Simulat 18 (2013) 858–866

Contents lists available at SciVerse ScienceDirect

Commun Nonlinear Sci Numer Simulat

journal homepage: www.elsevier .com/locate /cnsns

http://dx.doi.org/10.1016/j.cnsns.2012.08.037
mailto:cbzhai@sxu.edu.cn
mailto:cbzhai215@sohu.com
http://dx.doi.org/10.1016/j.cnsns.2012.08.037
http://www.sciencedirect.com/science/journal/10075704
http://www.elsevier.com/locate/cnsns


where g; bga�3 2 ð0;1Þ. The practical relevance of 3 < a 6 4 appears in problems related with others areas as physics, eco-
nomics which can be modeled by these fractional boundary value problems (see [17] and the references therein). Particu-
larly, these problems appear in the Hamiltonian formulation for the Lagrangians depending on fractional derivatives of
coordinates when the systems are non conservative (see, for example, [11]).

When gðt;uÞ � 0, Liang and Zhang [16] investigated the existence of positive solutions for problem (1.1),(1.2) by means of
lower–upper solution method and Schauder fixed-point theorem. They present the following result.

Theorem 1.1. ([16]). Let qðtÞ ¼ 1
CðaÞ

ta�1

a�2� 1
a ta

� �
. The fractional boundary value problem (1.1),(1.2) with gðt;uÞ � 0 has a positive

solution uðtÞ if the following conditions are satisfied:

ðHf Þ f ðt;uÞ 2 Cð½0;1� � ½0;1Þ;RþÞ is nondecreasing relative to u, f ðt;qðtÞÞX 0 for t 2 ð0;1Þ and there exists a positive constant
l < 1 such that

klf ðt;uÞ 6 f ðt; kuÞ; 8 0 6 k 6 1:

In [17], by means of a fixed-point theorem in partially ordered sets, Caballero et al. considered the existence and uniqueness of
positive solutions for fractional boundary value problem (1.1),(1.2) with gðt; uÞ � 0. They present the following result.

Theorem 1.2 ([17]). Problem (1.1), (1.2) with gðt;uÞ � 0 has a unique positive solution uðtÞ if the following conditions are
satisfied:

ðH1Þ f : ½0;1� � ½0;1Þ ! ½0;1Þ is continuous and nondecreasing with respect to the second argument.
ðH2Þ There exists t0 2 ½0;1� such that f ðt0;0Þ > 0.
ðH3Þ There exists 0 < k 6 ða�2ÞCðaþ1Þ

2 such that, for x; y 2 ½0;þ1Þ with y P x and t 2 ½0;1�,

f ðt; yÞ � f ðt; xÞ 6 k � wðy� xÞ;

where w : ½0;1Þ ! ½0;1Þis continuous, nondecreasing, satisfying that Id�u : ½0;1Þ ! ½0;1Þ is continuous, nondecreasing, po-
sitive in ð0;1Þ and Idð0Þ ¼ uð0Þ, here Id denotes the identity mapping on ½0;1Þ.

By a similar method in [17], Liang and Zhang [21] studied a unique positive solution for problem (1.1) and (1.3) with
gðt;uÞ � 0. They also present the following result.

Theorem 1.3. ([21]). Problem (1.1) and (1.3) with gðt;uÞ � 0 has a unique positive and strictly increasing solution uðtÞ if the
following conditions are satisfied:

ðH4Þ f : ½0;1� � ½0;1Þ ! ½0;1Þ is continuous and nondecreasing with respect to the second argument and f ðt;uðtÞÞX 0 for
t 2 Z � ½0;1� with lðZÞ > 0 (l denotes the Lebesgue measure);

ðH5Þ There exists 0 < k < 2
ða�2ÞCðaþ1Þ þ

bga�3ð1�gÞ
ða�2Þð1�bga�3ÞCðaÞ

� ��1
such that for x; y 2 ½0;þ1Þ with y P x and t 2 ½0;1�,

f ðt; yÞ � f ðt; xÞ 6 k � lnðy� xþ 1Þ:

Our main interest in this paper is to give some alternative answers to the main results of these papers [16,17,21]. We will use a
fixed point theorem for a sum operator to show the existence and uniqueness of positive solutions for problems (1.1) and (1.2) and
(1.1) and (1.3). Moreover, we can construct some sequences for approximating the unique solution.

2. Preliminaries and previous results

For the convenience of the reader, we present here some definitions, lemmas and basic results that will be used in the
proofs of our theorems.

Definition 2.1. ([4, Definition 2.1]). The integral

Ia0þf ðxÞ ¼ 1
CðaÞ

Z x

0

f ðtÞ
ðx� tÞ1�a dt; x > 0

is called the Riemann–Liouville fractional integral of order a, where a > 0 and CðaÞ denotes the gamma function.

Definition 2.2. ([4, pp. 36–37]). For a function f ðxÞ given in the interval ½0;1Þ, the expression

Da
0þf ðxÞ ¼ 1

Cðn� aÞ
d
dx

� �n Z x

0

f ðtÞ
ðx� tÞa�nþ1 dt;

where n ¼ ½a� þ 1, ½a� denotes the integer part of number a, is called the Riemann–Liouville fractional derivative of order a.
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