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a b s t r a c t

Ghost-stochastic resonance is a noise-induced resonance at a fundamental frequency miss-
ing in the input signal. We investigate the effect of a high-frequency, instead of a noise, in a
single Duffing oscillator driven by a multi-frequency signal FðtÞ ¼

Pn
i¼1fi cosðxi þ Dx0Þt;

xi ¼ ðkþ i� 1Þx0, where k is an integer greater than or equal to two. We show the occur-
rence of a high-frequency induced resonance at the missing fundamental frequency x0. For
the case of the two-frequency input signal, we obtain an analytical expression for the
amplitude of the periodic component with the missing frequency. We present the influence
of the number of forces n, the parameter k, the frequency x0 and the frequency shift Dx0

on the response amplitude at the frequency x0. We also investigate the signal propagation
in a network of unidirectionally coupled Duffing oscillators. Finally, we show the enhanced
signal propagation in the coupled oscillators in absence of a high-frequency periodic force.

� 2014 Elsevier B.V. All rights reserved.

1. Introduction

Response of nonlinear systems to a harmonic force with a single frequency has been investigated in detail. A non-mono-
tonic variation of the amplitude of the response occurs [1,2], in a typical nonlinear system when the frequency of the driving
force is varied. In particular, the oscillation amplitude of the system output increases with the increase in the frequency of
the external force, it reaches a maximum at a particular frequency and then it decreases with further increase in the fre-
quency. This resonance phenomenon is widespread and has been utilized in several devices. In bistable and multistable sys-
tems when the amplitude of the external periodic force is below a threshold (that is, there is no switching motion between
the coexisting stable states), then a transition between the coexisting states can be induced by a weak noise. At an appro-
priate optimum noise intensity, almost a periodic switching between coexisting states occurs resulting in a maximum sys-
tem response. This noise-induced resonance phenomenon is termed as stochastic resonance [3,4]. Resonance can be realized
when the noise term is replaced by a high-frequency periodic force and is called vibrational resonance [5,6]. Furthermore, it is
possible to generate a chaotic signal that mimics the probability distribution of the Gaussian white noise. Such a signal can
also give rise to a resonant effect analogous to the noise-induced resonance and is called chaotic resonance [7]. In all the
above resonance phenomena, in absence of a resonance inducing source, the system is driven by a weak harmonic force with
a single frequency. There are signals with multiple frequencies. Examples include human speech, musical tones and square-
waves. Design of an approximate multi-frequency signal is very important in minimizing the nonlinear distortion in the
multi-frequency system identification methods [8,9].
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Chialvo et al. [10,11] investigated the response of a threshold device to an input signal containing several frequencies in
the presence of noise. When the frequencies of the driving force are of a higher-order of a certain fundamental frequency,
then the system is found to show a maximum response at the missing fundamental frequency at an optimum noise intensity.
This fundamental frequency, which is absent in the input signal, detected by the device is called ghost-frequency and the
underlying resonance phenomenon is termed as ghost-stochastic resonance [10,11]. When the input signal is set into an
anharmonic by introducing a same frequency shift to all the harmonic terms, the system is found to show a resonance at
a certain shifted frequency. This ghost resonance phenomenon can be used to explain the missing fundamental illusion in
which a third lower pitched tone is often heard when two tones occur together [11].

The occurrence of a ghost resonance induced by noise has been analysed mostly in excitable systems. For example, it was
found in the sudden dropouts exhibited by a semiconductor laser [12], two laser systems coupled bidirectionally [13], ver-
tical-cavity surface emitting lasers [14], monostable Schmitt trigger electronic circuit [15], an excitable Chua’s circuit [16], a
chaotic Chua’s circuit [17] and a system of n-coupled neurons [18]. Subharmonic resonance behavior in a nonlinear system
with a multi-frequency force containing the fundamental frequency in the absence of a high-frequency input signal is stud-
ied in [19].

Because nonlinear systems with double-well and multi-well potentials are wide-spread it is foremost important to inves-
tigate the response of these systems to the multi-frequency force and analyse the occurrence of ghost resonance in them and
also with sources other than external noise. Motivated by the above considerations, in the present work, we explore the pos-
sibility of a ghost resonance induced by a high-frequency deterministic force rather than a noise. We consider the Duffing
oscillator driven by multi-frequency force FðtÞ and a high-frequency force g cos Xt. The multi-frequency force FðtÞ is given by

FðtÞ ¼
Xn

i¼1

f i cosðxi þ Dx0Þt; xi ¼ ðkþ i� 1Þx0 ð1Þ

with k P 2 and X� xnð¼ ðkþ n� 1Þx0Þ. We begin our analysis with n ¼ 2; k ¼ 2 and Dx0 ¼ 0. We show the occurrence of
a resonance at the fundamental frequency x0 missing in the input signal FðtÞ. The value of g at which the resonance at the
frequency x0 occurs, increases monotonically while the value of the response amplitude Qðx0Þ at resonance decreases with
x0. Interestingly, the case of n ¼ 2 by applying a theoretical method, we are able to obtain an approximate analytical expres-
sion for the response amplitudes QðxiÞ; i ¼ 0;1;2. Theoretical results are in good agreement with the numerical predictions.
We study the influence of the number of periodic forces n, the parameters k and g and the frequency shift Dx0 on Qðx0Þ. For
values of k > 2 or Dx0 – 0, the response amplitude Qðx0Þ becomes 0 when the oscillation center of the orbit is at the origin
and this happens for g values above a certain critical value.

Next, we consider a network of unidirectionally coupled N-Duffing oscillators with the multi-frequency force and the
high-frequency force applied to the first oscillator only. The first system is uncoupled. The coupling term is chosen to be lin-
ear. We denote Q iðx0Þ as the response amplitude of the ith oscillator at the frequency x0. For a coupling strength above a
critical value, an undamped signal propagation, that is, QNðx0Þ > Q 1ðx0Þ occurs at the missing fundamental frequency, even
in the absence of the high-frequency periodic force. Interestingly, in the undamped signal propagation case, the response
amplitude increases with the unit number i and then becoming a constant. The saturation value of Q is found to be indepen-
dent of the parameters k; n and Dx0 in FðtÞ. Finally, we consider a network of unidirectionally coupled oscillators, where all
the oscillators are driven by the external forces.

2. Resonance in a single Duffing oscillator

We consider the equation of motion of the Duffing oscillator driven by n harmonic forces FðtÞ given by Eq. (1) and the
high-frequency periodic force g cos Xt as

€xþ d _xþ axþ bx3 ¼ FðtÞ þ g cos Xt: ð2Þ

Throughout our study we fix the values of the parameters as d ¼ 0:5; a ¼ �2; x0 ¼ 0:5; b ¼ 1; X ¼ 30x0 and treat g as
the control parameter. The potential associated to the system in the absence of damping and external force is of a double-
well form, since a < 0 and b > 0.

2.1. Numerical analysis

From the numerical solution of Eq. (2), we compute the sine and cosine components Q sðxÞ and Q cðxÞ respectively of the
solution at various frequencies in the interval x 2 ½0;20� using the equations

Q sðxÞ ¼
2

NT

Z NT

0
xðtÞ sin xt dt; ð3aÞ

Q cðxÞ ¼
2

NT

Z NT

0
xðtÞ cos xt dt; ð3bÞ

where T ¼ 2p=x and N is say 500. Then QðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2

s þ Q2
c

q
=f with f ¼ ð1=nÞ

Pn
i¼1fi.
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