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a b s t r a c t

It is known that the simplest equation method is applied for finding exact solutions of
autonomous nonlinear differential equations. In this paper we extend this method for find-
ing exact solutions of non-autonomous nonlinear differential equations (DEs). We applied
the generalized approach to look for exact special solutions of three Painlevé equations. As
ODE of lower order than Painlevé equations the Riccati equation is taken. The obtained
exact special solutions are expressed in terms of the special functions defined by linear
ODEs of the second order.

� 2014 Elsevier B.V. All rights reserved.

1. Introduction

Recently significant results were achieved in the development of methods to search for the exact solutions of non-
linear differential equations [1–21]. Such equations have been permanently appearing in different applied problems
[22].

A lot of methods exist to look for exact solutions of nonlinear partially solvable differential equations, such as the singular
manifold method [1,2], the tanh-function method [3–5], the G0=G-expansion method [6,7], the simplest equation method
[11–19] and so on.

However, there is no systematic approach for finding the exact solutions of non-autonomous nonlinear differential
equations. Meanwhile the non-autonomous DE are widely used in different applied problems and can appear when partial
differential equations are solved. For instance, using the self-similar variables Korteweg-de Vries equation, modified
Korteweg-de Vries equation, Burgers equation and others are reduced to non-autonomous ODEs. Moreover most of them
can be converted to Painlevé equations.

For the first time the simplest equation method was presented in the work [11,12] to solve autonomous nonlinear DEs.
There are several advantages of this method, namely: generalization of a lot of methods applied before, simplicity of reali-
zation and taking into account all possible singularities of equation solved.

In this Letter we extend the application of the simplest equation method to non-autonomous nonlinear ODEs. Three
Painlevé equations were solved to show the application of this approach. The Riccati equation was chosen as ODE of lower
order than Painlevé equations. The non-autonomy of the considered nonlinear ODE is reflected in functional dependence on
independent variable in all coefficients existing in the Riccati equation and in substitution (2.2).
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2. Method applied

Let us consider a nonlinear non-autonomous differential equation:

E½w;w0; . . . ;wðnÞ; z� ¼ 0: ð2:1Þ

Assuming ODE (2.1) possesses the first order singularity we shall search for exact solutions in the form as:

wðzÞ ¼ f1ðzÞ þ f2ðzÞYðzÞ; ð2:2Þ

where f1ðzÞ; f 2ðzÞ are functions which we have to find, f2ðzÞ– 0 identically. YðzÞ satisfies the Riccati equation:

YzðzÞ ¼ aðzÞY2ðzÞ þ bðzÞYðzÞ þ cðzÞ; aðzÞ– 0: ð2:3Þ

The general solution of the Riccati equation (2.3) has the pole of the first order with respect to movable points, and, hence,
function (2.2) has singularity of the same order.

The significant difference between extended method and approach presented in [12] consists in assumption that all coef-
ficients in (2.2) and (2.3) depend on z. It takes into account non-autonomy of Eq. (2.1).

The algorithm reflecting the main idea of generalized simplest equation method is outlined below:

Step 1: the expressions (2.2) and (2.3) ought to be substituted in (2.1) and the coefficients of power of YðzÞ should be
equating with zero. The solutions of the obtained equations are the expressions for f1ðzÞ; f 2ðzÞ; aðzÞ; bðzÞ; cðzÞ and for
coefficients in Eq. (2.1).
Step 2: after step 1 has been executed, the found expressions for coefficients in (2.2) and (2.3) are needed to be substituted
in Riccati equation (2.3).
Step 3: Eq. (2.2) can be linearized by realization of two sequential substitutions [22]:

(a)

YðzÞ ¼ B2ðzÞ þ B1ðzÞRðzÞ ð2:4Þ

If B1ðzÞ ¼ � 1
aðzÞ ; B2ðzÞ ¼ � azðzÞþaðzÞbðzÞ

2a2ðzÞ , the Riccati equation (2.3) is transformed in

RzðzÞ ¼ �R2ðzÞ � qðzÞ: ð2:5Þ

(b) RðzÞ ¼ UzðzÞ
UðzÞ , and Eq. (2.5) is converted in

UzzðzÞ þ qðzÞUðzÞ ¼ 0; ð2:6Þ

and the form of solution (2.2) is transformed in

wðzÞ ¼ f1ðzÞ þ f2ðzÞB2ðzÞ þ f2ðzÞB1ðzÞ
UzðzÞ
UðzÞ : ð2:7Þ

After accomplishment of steps 1–3 for each of Eq. (2.1), the solutions presented in Section 3–5 have been obtained.

3. Exact solutions of the second Painlevé equation

Consider the second Painlevé equation:

wzz ¼ 2w3ðzÞ þ zwðzÞ þ a: ð3:1Þ

Let us apply the algorithm expounded in Section 1 to find the solution of Eq. (3.1). Completing step 1 we obtain equations
for coefficients determination:

2f 2ðzÞðf2ðzÞ � aðzÞÞðf2ðzÞ þ aðzÞÞ ¼ 0; ð3:2Þ

3f 2ðzÞaðzÞbðzÞ þ 2f 2z
ðzÞaðzÞ � 6f 1ðzÞf 2

2 ðzÞ þ f2ðzÞazðzÞ ¼ 0; ð3:3Þ

f2ðzÞb2ðzÞ þ 2f 2z
ðzÞbðzÞ þ f2zz ðzÞ � 6f 2

1 ðzÞf2ðzÞ þ 2f 2ðzÞaðzÞcðzÞ � zf2ðzÞ þ f2ðzÞbzðzÞ ¼ 0; ð3:4Þ

f1zz ðzÞ � 2f 3
1 ðzÞ þ f2ðzÞbðzÞcðzÞ þ 2f 2z

ðzÞcðzÞ � zf1ðzÞ þ f2ðzÞczðzÞ � a ¼ 0: ð3:5Þ

Solving sequentially Eqs. (3.2)–(3.4) we find coefficients f2ðzÞ; f 1ðzÞ; cðzÞ respectively.

f2ðzÞ ¼ � aðzÞ; ð3:6Þ
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