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a b s t r a c t

In this paper, we propose and study an array of coupled delayed Lurie systems with hybrid
coupling, which is composed of constant coupling, state delay coupling, and distributed
delay coupling. Together with Lyapunov–Krasovskii functional method and Kronecker
product properties, two novel synchronization criteria are presented within linear matrix
inequalities based on generalized convex combination, in which these conditions are heav-
ily dependent on the upper and lower bounds of state delay and distributed one. Through
adjusting inner coupling matrix parameters in the derived results, we can realize the
designing and applications of the addressed systems by referring to Matlab LMI Toolbox.
The efficiency and applicability of the proposed criteria can be demonstrated by three
numerical examples with simulations.

� 2010 Elsevier B.V. All rights reserved.

1. Introduction

Presently, it is widely known that synchronization is an important property of dynamical systems, which can be observed
in natural, social, physical and biological systems, and has found many applications in various engineering fields, such as
secure communication [1], image processing [2], and harmonic oscillation generation [3]. Also, the existence of synchroni-
zation in language emergence and development results can help come up with the common vocabulary and agents’ synchro-
nization in organization management can improve their work efficiency. Thus in recent years, due to the great potential
applications, the problem on synchronization in various dynamical systems has been extensively studied in the present lit-
erature, see [9–12,16–29] and references therein.

Many nonlinear control systems, such as Chua’s circuits [4], Goodwin model [5] and Swarm model [6], can be categorized
as Lurie systems, which are regarded as a feedback connection of linear dynamical system and nonlinear elements with the
nonlinear ones satisfying some restrictions. Thus since Lurie and Postnikov first proposed the concept and analysis on abso-
lute stability, researchers have attached much importance to dynamical analysis of Lurie systems, and many elegant results
have been proposed [7–12,26]. Furthermore, it has been shown that as some conditions were satisfied, a chaotic system (the
slave system) might become synchronized to another identical one (the master system) if the master system sent some driv-
ing signals to the slave one. On the other hand, time-delays are frequently encountered in various control engineering sys-
tems, which can make the control analysis and design much more complicated. Thus many researchers have paid much
attention to master–slave synchronization for Lurie systems, especially for the delayed Lurie systems [9–12].

Meanwhile, since chaos synchronization in arrays of linearly coupled chaotic systems was first introduced by [13], arrays
of coupled dynamical systems including the delayed ones have attracted many researchers’ attention as they can exhibit
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some interesting phenomena [14,15], and a large number of elegant methods have been proposed in [16–29]. However, it
has come to our attention that few researchers have considered the global synchronization for arrays of delayed Lurie sys-
tems with couplings. Though the authors have made some initial efforts on constant coupling for such problem, the derived
results in [26] cannot tackle the variable delay, which means that their methods need great improvements. Meanwhile, con-
sidering the existence of delay in spreading due to the finite speed of transmission and traffic congestion, delay coupling
should receive much attention, i.e., there exist coupling terms between the state variables and the delayed ones, in which
the delay ones can describe the decentralized nature of real-word coupled Lurie systems. On the other hand, a Chua’s system
is designed with existence of distributed delays and it has been observed that a Lurie system has a spatial nature due to the
presence of a number of parallel ways of axon sizes and lengths. Hence during discussing the synchronization of coupled
Lurie systems, the constant coupling, delay coupling, and distributed delay coupling should be taken into consideration alto-
gether, which led to the introduction of hybrid coupling in [29]. Therefore, it is urgent and challenging to establish some less
conservative and easy-to-check criteria ensuring the global synchronization for arrays of coupled Lurie systems with time-
varying delay, which constitutes the main focus of this presented work.

In this paper, we make great efforts to investigate the global synchronization for arrays of coupled Lurie systems with
both variable delay and hybrid coupling, in which the hybrid coupling was first introduced in [29]. Through constructing
an augmented Lyapunov–Krasovskii functional and using appropriate integral inequality, two novel sufficient conditions
are presented in terms of LMIs, whose feasibility can be easily checked by resorting to Matlab LMI Toolbox. In particular,
the upper bound on derivative of state delay can take any value. Finally, the effectiveness of the proposed criteria can be
demonstrated by utilizing three numerical examples.

Notations. Rn denotes the n-dimensional Euclidean space, and Rn�m is the set of all n �m real matrices. For the symmetric
matrices X, Y, X > Y (respectively, X P Y) means that X � Y > 0 (X � Y P 0) is a positive-definite (respectively, positive-semi-
definite) matrix; AT stands for the transpose of matrix A; I represents the identity matrix of an appropriate dimension; A � B

indicates the Kronecker product of the m � n matrix A and p � q matrix B; and X Y
YT Z

� �
¼ X Y
� Z

� �
with * denoting the sym-

metric term in a symmetric matrix.

2. Problem formulations

Suppose that the nodes are coupled with states xi(t), i 2 {1, . . . ,N}, then the Lurie systems with mixed time-varying delays
can be described by

_xiðtÞ ¼ AxiðtÞ þ Bxiðt � sðtÞÞ þ Cf ET xiðtÞ
� �

þ Dh GT xiðt � sðtÞÞ
� �

þ
XN

j¼1;j–i

lijK1 xjðtÞ � xiðtÞ
� �

þ
XN

j¼1;j–i

lijK2 xjðt � sðtÞÞ � xiðt � sðtÞÞ
� �

þ
XN

j¼1;j–i

lijK3

Z t

t�mðtÞ
xjðsÞ � xiðsÞ
� �

ds; ð1Þ

in which xiðtÞ ¼ xi1ðtÞ; xi2ðtÞ; . . . ; xinðtÞ½ �T are the state vectors; here A ¼ ½aij�n�n, B ¼ ½bij�n�n, C ¼ ½cij�n�n1
, D ¼ ½dij�n�n2

,
E ¼ ½eij�n�n1

¼ ½e1; e2; . . . ; en1 �, G ¼ ½gij�n�n2
¼ ½g1; g2; . . . ; gn2

�; K1 ¼ ½k1ij�n�n, K2 ¼ ½k2ij�n�n, K3 ¼ ½k3ij�n�n are the inner coupling
matrices between the connected nodes i and j at time t and t � s(t), respectively;

f ET xiðtÞ
� �

¼ f1 eT
1xiðtÞ

� 	
; . . . ; fn1 eT

n1
xiðtÞ

� �h iT
, and h GT xiðt � sðtÞÞ

� �
¼ h1



gT

1xiðt � sðtÞÞ
�
; . . . ;hn2 gT

n2
xiðt � sðtÞÞ

� �� �T

denote the

time-variant piecewise continuous nonlinearities satisfying f(0) = 0 and h(0) = 0.
For the dynamical system (1), the following assumptions are utilized throughout this paper.

A1. Here s(t), m(t) denote two interval time-varying delays satisfying

0 6 s0 6 sðtÞ 6 sm; _sðtÞ 6 l < þ1; 0 6 m0 6 mðtÞ 6 mm: ð2Þ

Here we set �sm ¼ sm � s0 and �mm ¼ mm � m0.
A2. L = [lij]N�N is the configuration matrix that is irreducible and satisfies the following condition:

lij ¼ lji; i–j; lii ¼ �
XN

j¼1;j–i

lij; ð3Þ

here lij > 0, if there is a connection between node i and the one j and otherwise, lij = 0.
A3. For all a, b 2 R, the nonlinear functions fi(�), hj(�) satisfy fi(0) = 0, hj(0) = 0, and

fiðaÞ � fiðbÞ � rþi ða� bÞ
� �

fiðaÞ � fiðbÞ � r�i ða� bÞ
� �

6 0; i ¼ 1; . . . ;n1;

hjðaÞ � hjðbÞ � dþj ða� bÞ
h i

hjðaÞ � hjðbÞ � d�j ða� bÞ
h i

6 0; j ¼ 1; . . . ;n2;
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