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a b s t r a c t

This paper is concerned with a class of second order impulsive differential equations with
integral boundary conditions. Under different combinations of superlineary and sublinear-
ity of nonlinear term and the impulses, various existence, multiplicity, and nonexistence
results for positive solutions are derived in terms of the parameter lies in some intervals.
The results obtained herein generalize and improve some known results.

� 2010 Elsevier B.V. All rights reserved.

1. Introduction

The theory of impulsive differential equations has been emerging as an important area of investigation in recent years and
has been developed very rapidly due to the fact that such equations find a wide range of applications modeling adequately
many real processes observed in physics, chemistry, biology and engineering. Correspondingly, applications of the theory of
impulsive differential equations to different areas were considered by many authors and some basic results on impulsive
differential equations have been obtained, see [1–4] and the references therein.

In this paper we consider the existence, multiplicity, and nonexistence of positive solutions for the following singular
integral boundary value problem with impulse effects

u00ðtÞ þ aðtÞu0ðtÞ þ bðtÞuðtÞ þ kcðtÞf ðt; uðtÞÞ ¼ 0; t–tk; t 2 J n f0;1g;
�Du0jt¼tk

¼ kIkðuðtkÞÞ; k ¼ 1;2; . . . ;m;

uð0Þ ¼
R 1

0 gðsÞuðsÞds; uð1Þ ¼
R 1

0 hðsÞuðsÞds;

8><
>: ð1:1Þ

where J ¼ ½0;1�; a 2 CðJÞ; b 2 CðJ; ð�1;0ÞÞ; c 2 Cðð0;1Þ;RþÞ; cðtÞX 0 is allowed to be singular at t = 0,1. g, h 2 L1[0,1] is non-
negative, k is a positive parameter. Let 0 = t0 < t1 < t2 < � � � < tm < tm+1 = 1 be given, f 2 CðJ � Rþ;RþÞ; Ii 2 CðRþ;RþÞ; i ¼
1;2; . . . ;m; Rþ ¼ ½0;þ1Þ. Du0jt¼tk

¼ u0ðtþk Þ � u0ðt�k Þ, where u0ðtþk Þ (respectively u0ðt�k Þ) denotes the right limit (respectively left
limit) of u

0
(t) at t = tk.

Multi-point boundary value problem is a special case of the boundary value problem with integral boundary conditions.
Problems with integral boundary conditions arise naturally in thermal conduction problems, semiconductor problems,
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hydrodynamic problems (see for instance [5–7]). Now such nonlocal boundary value problems of impulsive differential
equations have not yet had great attention and have seldom been studied. This paper is to fill this gap in the literature.

For the case of Ik = 0, k = 1,2, . . . ,m, k = 1, one of the special case of problem (1.1) is the following multi-point boundary
value problem

u00ðtÞ þ aðtÞu0ðtÞ þ bðtÞuðtÞ þ cðtÞf ðuÞ ¼ 0; t 2 ð0;1Þ;

uð0Þ ¼ 0; uð1Þ ¼
Pn
i¼1

aiuðniÞ;

8<
: ð1:2Þ

where 0 < n1 < n2 < � � � < nn < 1. Boundary value problem (1.2) and related problems have been extensively studied in many
papers in recent years (see [8–14] and references therein). The existence and multiplicity results of positive solutions are
obtained by applying the Krasnoselskii’s fixed point theorem in cones, Leggett–Williams fixed point theorem and fixed point
index theory. Naturally our work here will extend and unify some known results for nonlocal, especially multi-point, bound-
ary value problems in the literature.

Recently, Lin and Jiang [15] studied the second order impulse boundary value problem

�x00ðtÞ ¼ f ðt; xÞ; t–tk; t 2 ð0;1Þ;
�Dx0jt¼tk

¼ IkðxðtkÞÞ; k ¼ 1;2; . . . ;m;

xð0Þ ¼ xð1Þ ¼ 0:

8><
>: ð1:3Þ

The existence of multiple positive solutions is established via the theory of fixed point index in cones. Feng and Xie [16] dealt
with the second order m-point boundary value problem with impulse effects

�x00ðtÞ ¼ f ðt; xÞ; t–tk; t 2 ð0;1Þ;
�Dx0jt¼tk

¼ IkðxðtkÞÞ; k ¼ 1;2; . . . ;m;

xð0Þ ¼ Rm�2
i¼1 aixðniÞ; xð1Þ ¼ Rm�2

i¼1 bixðniÞ;

8><
>: ð1:4Þ

where ai; bi 2 ð0;1Þ; 0 < n1 < n2 < � � � < nm�2 < 1; Rm�2
i¼1 bini < 1; Rm�2

i¼1 aið1� niÞ < 1. The existence results of one and two po-
sitive solutions are obtained based on fixed point theorems in a cone.

Motivated by the papers mentioned above, in this paper, we consider the second order impulsive singular integral bound-
ary value problem (1.1). Under different combinations of superlineary and sublinearity of nonlinear term f and the impulses
Ik, k = 1,2, . . . ,m, various existence, multiplicity, and nonexistence results for positive solutions are derived in terms of differ-
ent values of k. Some ideas of this paper are from [17,18]. Our argument is based on Krasnosel’skii’s fixed point theorem.
Problem (1.1) is more general, it including two-point, multi-point, nonlocal and impulsive problems as special cases. Hence,
we generalize and improve some known results in the literature to some degree, and so it is interesting and important to
study the positive solutions for Problem (1.1).

The rest of this paper is organized as follows. In Section 2, we present some preliminaries and lemmas. The main results
are stated in Section 3. In Section 4, we prove the main results.

2. Preliminaries and lemmas

In this section, we first introduce some background definitions in Banach spaces, state fixed point theorems, and then
present basic lemmas that are very important in the proof of the main results.

Let J0 ¼ J n ft1; t2; . . . ; tmg; PC1ðJ;RþÞ ¼ fu : u is a map from J into Rþsuch that uðtÞ is continuously differentiable at t–
tk; left continuous at t ¼ tk; and uðtþk Þ; u0ðtþk Þ; . . . u0ðt�k Þ exist; k ¼ 1;2; . . . ;mg. Then PC1ðJ;RþÞ is a real Banach space with
norm kukPC1 ¼maxfkukPC ; ku0kPCg, where

kukPC ¼ sup
t2J
juðtÞj; ku0kPC ¼ sup

t2J
ju0ðtÞj:

Notice that PCðJ;RþÞ ¼ fu : u is a map from J into Rþsuch that uðtÞ is continuous at t–tk; left continuous at t ¼ tk; and ðtþk Þ
exist; k ¼ 1;2; . . . ;mg is also a Banach space with norm kukPC = supt2Jju(t)j. A function u 2 PC1ðJ;RþÞ \ C2ðJ0;RÞ is called a solu-
tion of problem (1.1) if it satisfies (1.1).

The proof of our main results is based upon an application of the following well-known Krasnosel’skii’s fixed point the-
orem [19].

Lemma 2.1. Let X be a Banach space, and P be a cone in X. Assume that X1 and X2 are two bounded open subsets of X with
0 2 X1; X1 � X2. Let A : P \ ðX2 nX1Þ ! P be a completely continuous operator, satisfying either

ðiÞ kAxk 6 kxk; x 2 P \ @X1; kAxkP kxk; x 2 P \ @X2;

or

ðiiÞ kAxkP kxk; x 2 P \ @X1; kAxk 6 kxk; x 2 P \ @X2:

Then A has at least one fixed point in P \ ðX2 nX1Þ.
In our main results, we will make use of the following lemmas.
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