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a b s t r a c t

Consider the following system of rational equations containing quadratic terms

xnþ1 ¼ A1x2
nþB1xnynþC1y2

nþD1xnþE1ynþF1
a1x2

nþb1xnynþc1y2
nþk1xnþl1ynþm1

;

ynþ1 ¼
A2x2

nþB2xnynþC2y2
nþD2xnþE2ynþF2

a2x2
nþb2xnynþc2y2

nþk2xnþl2ynþm2
:

8<
:

Chaos in the sense of Li–Yorke is considered. This is based on the Marotto’s theorem via
obtaining a snap-back repeller. In fact, first in a special case when F1 ¼ F2 ¼ 0, we show
that origin is a snap-back repeller and so the system has chaotic behavior in the sense of
Li–Yorke under some conditions. Then in a more general case, we prove that existence of
chaos in the sense of Li–Yorke for the above system.

� 2012 Elsevier B.V. All rights reserved.

1. Introduction

Recently study on the rational systems having both a linear numerator and a linear denominator have started extensively
by Gerry Ladas and colleagues; see e.g. [1–3,12–14,17,20–22] which include extensive lists of references. This substantial
research makes a strong case for studying the behaviour of rational difference equations as well as providing a great deal
of information about the behaviour of rational equations with linear terms. But there is not a systematically study on the
rational systems having quadratic terms about all of dynamics specifically chaotic dynamics. A class of rational systems
in the plane with quadratic terms include systems such that are reducible to some second order rational difference equation
with quadratic terms. Route to chaos in a class of second order rational difference equation with quadratic terms is studied in
[7]. Applications of rational equations containing quadratic and cubic terms to biological models have been discussed in Refs.
[5,6] via systems of first order rational equation using monotone methods. As a famous chaotic two-dimensional rational
system having quadratic terms in the polynomial form with a strange attractor is the Henon system

xnþ1 ¼ 1� ax2
n þ yn;

ynþ1 ¼ bxn;

(

where a and b are real parameters with jbj < 1 (see [8–10]). Also chaos in the sense of Devaney for polynomial quadratic
systems, which is a special case of the rational systems considered in [4,23]. In this manuscript, chaos in the sense of
Li–Yorke for rational systems having quadratic terms in the both numerator and denominator i.e. the systems defined in
the abstract is considered. The definition of chaos in the sense of Li and Yorke is now summarized.
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Definition 1.1 (Li and Yorke [16]). Let I be an interval of the real line and f : I ! I a continuous function. f is chaotic in the
sense of Li–Yorke if f has an uncountable scrambled set S � I which satisfies the following condition:

(i) for every xS; yS 2 S with xS – yS,

lim sup
n!1

jf nðxSÞ � f nðySÞj > 0; and lim inf
n!1

jf nðxSÞ � f nðySÞj ¼ 0;

(ii) for every xS 2 S and any periodic point yper of f

lim sup
n!1

jf nðxSÞ � f nðyperÞj > 0:

Li and Yorke defined only chaos on an interval, Huang and Ye extended the interval to general metric space.

Definition 1.2 [11]. Let f : X ! X is continuous and surjective, where X is a compact metric space with metric d. A subset
S � X is a scrambled set (for f), if any different points xS and yS from S are proximal and not asymptotic:

lim sup
n!1

d f nðxSÞ; f nðySÞð Þ > 0; and lim inf
n!1

d f nðxSÞ; f nðySÞð Þ ¼ 0:

The function f is said to be chaotic in the sense of Li–Yorke, if there exists an uncountable scrambled set.
A very useful tool in proving chaotic behavior in an k� dimensional discrete dynamical systems is the well-known Mar-

otto’s theorem in [18]: ‘‘snap-back repellers imply chaos in Rk’’. Marotto’s chaos is the modified definition of chaos in the
sense of Li–Yorke for multidimensional discrete dynamical systems. But several authors, most recently Li and Chen in
[15], pointed out that there is an error in the original proof of Marotto, and tried to correct this error giving new, weaker
versions of the theorem. Marotto in [19] corrected the technical flaw in the original snap-back repeller theorem, obtaining
the following result (which is the most general result known so far):

Theorem 1.3 [18]. Let f 2 C1ðRk;RkÞ has a snap-back repeller z�, i.e.

(a) z� is a fixed point of f;
(b) all eigenvalues of Df ðz�Þ exceed 1 in magnitude;
(c) there exists a point z0 – z� in a repelling neighborhood of z�, such that zM ¼ z� and detðDFðzjÞÞ– 0 for j ¼ 1; . . . ;M, where

zj ¼ f jðz0Þ (for some integer M).

Then f is chaotic in the sense of Li–Yorke.

First remember that all of the roots of the quadratic polynomial

k2 � pk� q ¼ 0;

are outside the unit disc iff the following conditions hold:

(i) jqj > 1;

(ii) jpj < j1� qj.Also note that according to general formulas for roots of quadratic polynomials, the magnitude of roots are
continuous functions of coefficients. This notation is useful for proving the chaos in next section.

2. Case F1 ¼ F2 ¼ 0,

Consider the system of rational equations

xnþ1 ¼ A1x2
nþB1xnynþC1y2

nþD1xnþE1ynþF1
a1x2

nþb1xnynþc1y2
nþk1xnþl1ynþm1

;

ynþ1 ¼
A2x2

nþB2xnynþC2y2
nþD2xnþE2ynþF2

a2x2
nþb2xnynþc2y2

nþk2xnþl2ynþm2
:

8<
: ð2:1Þ

It is convenient in what follows to define the mapping f : R2 ! R2, such that f ðx; yÞ ¼ ðf1ðx; yÞ; f2ðx; yÞÞ, where

f1ðx; yÞ ¼
A1x2 þ B1xyþ C1y2 þ D1xþ E1yþ F1

a1x2 þ b1xyþ c1y2 þ k1xþ l1yþ m1
; f 2ðx; yÞ ¼

A2x2 þ B2xyþ C2y2 þ D2xþ E2yþ F2

a2x2 þ b2xyþ c2y2 þ k2xþ l2yþ m2
:

We consider solutions not on the forbidden set i.e. every solution ðxn; ynÞ with

aix2
n þ bixnyn þ ciy

2
n þ kixn þ liyn þ mi – 0; n ¼ 0;1;2 . . . ; i ¼ 1;2:

Let F1 ¼ F2 ¼ 0. In this case the origin is a fixed point of f.

Lemma 2.1. Let F1 ¼ F2 ¼ 0. All eigenvalues of Df ð0; 0Þ exceed 1 in magnitude iff
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