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a b s t r a c t

Fractional dynamics is a growing topic in theoretical and experimental scientific research.
A classical problem is the initialization required by fractional operators. While the problem
is clear from the mathematical point of view, it constitutes a challenge in applied sciences.
This paper addresses the problem of initialization and its effect upon dynamical system
simulation when adopting numerical approximations. The results are compatible with sys-
tem dynamics and clarify the formulation of adequate values for the initial conditions in
numerical simulations.

� 2014 Elsevier B.V. All rights reserved.

1. Introduction

Fractional Calculus (FC) was started by the ideas of Leibniz in 1695 and represents the generalization of standard differ-
ential calculus up to fractional or complex orders [1–7]. The area remained untouched by applied sciences during several
centuries, but in the last years considerable progress took place in the areas of physics, engineering and biology [8–21].
One of the difficulties often found by researchers consists of the initialization of fractional differential equations. In fact,
while classical integer order systems require a finite set of initial conditions, fractional operators have an intrinsic memory
of the phenomena that is translated into the requirement for a proper initialization and, eventually, to an infinite set of initial
conditions [22–38]. The problem becomes even more intricate when we verify that there are several possible definitions for
the fractional operators, that may lead to the requirement either of integer or of fractional order initial conditions. Further-
more, a pure mathematical perspective may be too far from the scenario found in the applied world, and analytical ap-
proaches may not totally describe the algorithms and restrictions implemented by numerical approximations.

This paper focus the effect of initial conditions upon the response of fractional order dynamical systems (FODS) to be sim-
ulated computationally. In this perspective mathematical discussions about integer versus fractional formulations, or phys-
ical considerations concerning possible correlations between the values adopted for the initial conditions are not addressed.
FODS are simulated by means of algorithms that implement several approximations and, consequently, such issues must be
decoupled in order to clarify the effect of each one separately.

Having these ideas in mind, this paper is organized as follows. Section 2 presents the fundamentals of fractional operators
and their numerical approximations, formulates the procedure for studying the effect of initial conditions and analyses the
results. Finally, Section 3 outlines the main conclusions.
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2. Fundamental concepts

There are several definitions of fractional derivatives and integrals of order a [39]. The Riemann–Liouville, Caputo and
Grünwald-Letnikov left-sided derivatives are given by:
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where C �ð Þ is Euler’s gamma function, x½ � means the integer part of x, and h is the step time increment.
The distinct formulations of fractional derivatives and integrals lead to several proposals for the interpretation of the gen-

eralized operator [40–54]. In spite of this diversity it is clear that FODS require an initialization procedure taking into account
the history of the dynamical phenomenon that is not asked for in the classical integer order approach. This problematic has
been the subject of debate during the last years, but a clear analysis of the impact of the initialization during numerical sim-
ulations is still lacking and further study is necessary.

In the numerical algorithm for calculating Da
t often is adopted the Grünwald–Letnikov formulation where the time incre-

ment h is approximated by the sampling period Ts and the series is truncated at the rth term yielding:
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Other techniques adopt the Laplace or the Z transforms and lead to rational fractions in the s or z domains. These approx-
imations produce recursive expressions in discrete time, involving both input and output variables, but are not adopted in
this study in order to tackle more clearly the initialization variables [55–57,54]. The objective of this paper is to investigate
numerically the effect of the initial conditions upon the time responses. For that purpose three test FODS of order 0 < a < 2
are considered:

Daxþ ax ¼ u ð5Þ

Daxþ axþ bx3 ¼ u ð6Þ

Daxþ a sin xð Þ ¼ u ð7Þ

These expressions correspond in the mechanical domain to a fractance and a linear spring (FL), a fractance and a non-
linear spring (FN ) and a fractional pendulum (FP).

The FODS are excited by a unit impulse

u tð Þ ¼
1 t ¼ 0
0 t – 0

�
ð8Þ

For analysing the effect of initial conditions is considered a statistical approach, that can be outlined as follows:

1. Definition of the parameters of the FODS and values of a
2. Repeat the following two steps for i ¼ 1; . . . ;N independent experiments

(a) Generation of the initial conditions xi tð Þ; t < 0, in series (4), obeying a given probability distribution function (pdf)
(b) Numerical simulation of the FODS

3. Calculation of standard deviation rx versus t of the dynamical responses xi tð Þ; t P 0; i ¼ 1; . . . ;N

It should be noted that the standard deviation rxðtÞ of the dynamic responses measures the variation between the numer-
ical solutions, themselves, due to the different initial conditions. The index does not captures the deviation between the ana-
lytical solution and the numerical approximations. Therefore, numerical errors are not included in the comparisons.

In the sequel we adopt N ¼ 500; Ts ¼ 0:001 and r ¼ 1000. For 0 < a < 1 a fractional integration of order a based on the
Grünwald–Letnikov truncated series is adopted. On the other hand, for 1 < a < 2 a standard integration of order 1 followed
by the numerical approximation of order a� 1 is used.

We start by ‘‘stimulating’’ the initial conditions with a Gaussian pdf with zero average and standard deviation r0. This
procedure does not addresses issues of physical meaning and has in mind solely producing a sample to be described statis-
tically. By other words, considerations about the time correlation of the successive numerical values adopted for the initial
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