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Abstract

In this study, a high-order compact scheme for 2D Laplace and Poisson equations under a non-uniform grid setting is
developed. Based on the optimal difference method, a nine-point compact difference scheme is generated. Difference coef-
ficients at each grid point and source term are derived. This is accomplished through the consideration of compatibility
between the partial differential equation and its difference discretization. Theoretically, the proposed scheme has third-
to fourth-order accuracy; its fourth-order accuracy is achieved under uniform grid settings. Two examples are provided
to examine performance of the proposed scheme. Compared with the traditional five-point difference scheme, the proposed
scheme can produce more accurate results with faster convergence. Another reference scheme with the same nine-point grid
stencil is derived based on the five-point scheme. The two nine-point schemes have the same coefficients for each grid
points; however, their coefficients for the source term are different. The overall accuracy level of the solution resulting from
the proposed scheme is higher than that of the nine-point reference scheme. It is also indicated that the smoothness of grids
has significant effects on accuracy and convergence of the solutions; efforts in optimizing the grid configuration and allo-
cation can improve solution accuracy and efficiency. Consequently, with the proposed method, solution under the non-uni-
form grid setting with appropriate grid allocation would be more accurate than that under the uniform-grid manipulation,
with the same number of grid points.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

In studies of fluid flow and heat/mass transfer, Laplace and Poisson equations are generated to present
problems like incompressible flow, heat equilibrium, and pollutant diffusion [1]. As one of the most effective
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numerical approaches to solve these equations, the high-order compact (HOC) schemes have received much
attention due to their advantages in solution accuracy and time requirement [2—7]. The scheme is “compact’ in
the sense that it involves only cells adjacent to a given node in a grid system,; its stencil is smaller than those of
the traditional difference schemes [2-7]. This result in nominal increase in arithmetic operations associated
with an increased nodal accuracy in computing the stencil coefficients [2,3,7].

Several HOC schemes for the Laplace and Poisson equations were presented in [7-9]. For 2D and 3D prob-
lems, these schemes were developed through square- and cube-grid systems, respective, i.e. identical grid spac-
ing is used for all axes. Another approach for solving the 2D Laplace equation was the optimal difference
method (ODM) [10]. The ODM was valid for rectangular cells with an arbitrary length-to-width ratio, and
might be viewed as an extension of the schemes as presented in [8,9]. However, similar to most of the existing
HOC schemes for various differential equations [2—7], the formula produced by the ODM was limited to uni-
form grids with identical spacing in each axis (although the spacings in the two axes could be different from
each other).

In the fields of hydraulic and environmental engineering, many large-scale or complex flow problems exist.
Agrawal and Peckover [11] pointed out that, theoretically, difference schemes with uniform grids were usually
simplest and most accurate. A uniform grid, however, was not suitable for complicated problems such as
sharp variations of temperature (or concentration) over a short spatial distance. Under such circumstances,
many more grid points would be needed, leading to prohibitively expensive and wasteful computational efforts
[11]. An ideal way to improve the computational efficiency is to use a non-uniform scheme with high-resolu-
tion grids for high-variability areas and low-resolution ones for low-variability zones [12]. The schemes that
employ non-uniform grids are also more suitable for natural boundary than those with uniform grids. In
[13], the first-order formulas were used to discretize both the first- and second-order derivatives contained
in one-dimensional steady convection—diffusion problems. It was concluded that, the use of a lower-order
discretization formula on a non-uniform grid produced much better results than a higher-order formula on
uniform grids [13]. It is of no doubt that, when the HOC schemes are applied to problems discretized with
non-uniform grid distributions, the computational efficiency can be well maintained. A three-point non-uni-
form combined compact difference (NCCD) scheme with a global Hermitan polynomial spline was proposed
for Stommel ocean models by Chu and Fan [12], with satisfactory results being obtained. The HOC schemes
for 1D and 2D convection—diffusion problems were also extended to non-uniform grids [14]. It was shown that
the HOC schemes could significantly improve solution accuracy for the convection—diffusion problem under a
non-uniform grid setting [14]. For large-scale real-world problems, it is desired that schemes with non-uniform
grids be employed to reduce computational cost and improve accuracy level.

Although the HOC schemes with uniform grids have been successfully used in fluid dynamics [2-10], they
usually generated lower-than-expected accuracy and stability when being applied to non-uniform grids [11,15].
Another disadvantage of the HOC schemes for non-uniform grids is the associated algebraic complexity.
Partly for this reason, it appears that these HOC schemes have seldom been extended to non-uniform grids,
even though this is the avenue of greatest promise [14]. The ODM was introduced to develop the HOC scheme
under a non-uniform grid setting for the 1D unsteady convection—diffusion problem and that for the 1D non-
linear convection—diffusion problem, respectively in [16] and [17]. As for a transformation was firstly imple-
mented to eliminate the difficulty in dealing with the convection term; then the convection—diffusion
equation was changed into a diffusion equation. Based on the HOC scheme for diffusion equation proposed
by Wang and Yang [18], the corresponding HOC schemes for convection—diffusion equation could then be
obtained through the converse transformation. The third- to the fourth-order formal accuracy and an uncon-
ditional stability were achieved for these parabolic and hyperbolic equations. For these schemes, non-uniform
grids were produced through changes of grid steps. Compared to coordinate transformation which often fails
to provide satisfactory results in the zone where sharp variations of physical scale exist, this kind of method is
more satisfactory and easy to operate. Further extensions to second- or higher-dimensional cases are desired.
Therefore, the objective of this study is to develop a HOC scheme for 2D Laplace and Poisson equations
under a non-uniform grid setting.

In hydraulic and environmental engineering, the Laplace and Poisson equations are often used to describe
equilibrium phenomena for many variables such as temperature and concentration. A two-dimensional Pois-
son equation can be written as follows:
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