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a b s t r a c t

A new method is proposed to construct the approximate solutions of ordinary fractional
differential equations with the Riemann–Liouville fractional derivatives. The method is
based on the two scale technique. A fractional part of the order of the fractional derivative
is considered as a small parameter e, and two different scales x and xe are introduced. As a
result, the fractional differential equation is reduced to a series of integer-order differential
equations, all of that are linear, except may be first one. Two different approaches to initial
conditions for this series of equations are discussed. Some examples illustrate the effi-
ciency of the proposed method.

� 2013 Elsevier B.V. All rights reserved.

1. Introduction

Perturbation methods (see, e.g., [1,2]) are widely used for investigation the ordinary and partial differential equations
modelling various phenomena. During last decade some classical perturbation methods were applied to the fractional dif-
ferential equations with a small parameter [3–5].

A new perturbation technique called homotopy perturbation method (HPM) has been also proposed by He [6]. The main
advantage of HPM is that it does not require a small parameter. This method and its different modifications have been suc-
cessfully used for approximate solution of the various differential equations of fractional order (see, e.g., [7,8] and references
therein).

In all methods mentioned above the fractional differential equations should be solved. Another perturbation technique
can be developed for the fractional differential equations in which an order of the fractional derivative is close to an integer
number. A difference between them can be considered as a small parameter e. In this case a series of differential equations of
integer (not fractional!) order should be solved to get an approximate solution of the fractional differential equation. Using
such approach, [9] develop the e-expansions for the fractional linear and nonlinear oscillators and the fractional Ginzburg–
Landau equation, and show that these expansions are not uniform with respect to the independent variable. This formalism
was extended by Tofighi and Golestani [10] who show that the uniform expansions can be constructed.

It is necessary to note that perturbation methods usually developed for the fractional differential equations with the Cap-
uto fractional derivatives. Nevertheless, the equations with the Riemann–Liouville one are also widely used to describe the
anomalous phenomena. The perturbation methods for such equations should take into account some features. Firstly, such
equations are accompanied by the specific initial or boundary conditions which contain integrals or/and derivatives of frac-
tional order. If a small parameter is extracted from the order of the fractional differentiation, then these initial (boundary)
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conditions also depend on this small parameter. Secondly, the solutions of such equations usually have a singularity in the
initial (or boundary) points.

In this paper, a two scale perturbation method is proposed for ordinary fractional differential equations with the Rie-
mann–Liouville fractional derivatives. The method permits to construct an approximate solution which has the same order
of singularity in the initial point as an exact solution and therefore this approximate solution is valid in the neighborhood of
the initial point.

2. Method description

Let us consider an ordinary fractional differential equation

Day ¼ f ðx; yÞ; a 2 ð0;1Þ ð2:1Þ

with the Riemann–Liouville fractional derivative

Day ¼ DðI1�ayÞðxÞ � 1
Cð1� aÞ

d
dx

Z x

0

yðnÞ
ðx� nÞa

dn ð2:2Þ

(here I1�ay is the Riemann–Liouville fractional integral).
Eq. (2.1) is subject to the initial condition

ðI1�ayÞð0Þ ¼ c; c 2 R: ð2:3Þ

A fractional part of the order of fractional differentiation is considered as a small parameter in the proposed technique. Two
different cases are distinguished: a ¼ 1� e for a > 1=2 and a ¼ e for a < 1=2. So, in both cases the small parameter
e 2 ð0;0:5Þ. To illustrate the approach, the case a ¼ 1� e will be discussed in detail.

Suppose that for x > 0 the solution yðxÞ of Eq. (2.1) is an analitic function. Then the following series representation of (2.2)
is valid (see [11]):

Day ¼
X1
k¼0

a
k

� �
xk�a

Cðkþ 1� aÞ y
ðkÞðxÞ: ð2:4Þ

Substituting in (2.4) a ¼ 1� e, we obtain

D1�ey ¼ Cð2� eÞ sinðpeÞ
p

xe
X1
k¼0

ð�1Þkxk�1

ð1� k� eÞk!
yðkÞðxÞ:

The multiplier xe can not be expanded in a convergent series of e for all values of x 2 ð0;1Þ. Therefore, during the e-expan-
sion this term should be considered as a new independent variable. So, we have two scales: x and xe.

Note that for small values of x ðx� 1Þ a new varible xe is a fast variable while x is a slow variable. For large values of
x ðx� 1Þ the variable’s behaviour is reversed: now x is a fast and xe is a slow variable. Of cause, both variables have a closed
behaviour in the neighborhood of the point x ¼ 1.

It is known (see [12]) that if both limx!0IayðxÞ ¼ c and limx!0xayðxÞ exist then

lim
x!0

xayðxÞð Þ ¼ c=Cð1� aÞ:

Therefore, condition (2.3) can be replaced by

lim
x!0
ðxeyðxÞð Þ ¼ c=Cð1� eÞ: ð2:5Þ

We introduce a new dependent variable

zðx; eÞ ¼ xeyðxÞ: ð2:6Þ

Contrary to yðxÞ, this new function has no singularity in the initial point x ¼ 0.
Using Leibnitz rule (see, e.g., [11])

Daðf ðxÞgðxÞÞ ¼
X1
k¼0

a
k

� �
Da�kðf ÞDkðgÞ;

we find

Day � D1�eðx�ezÞ ¼
X1
k¼0

1� e
k

� �
D1�e�kðx�eÞDkðzÞ ¼ Cð1� eÞCð2� eÞ Cð1þ eÞ dz

dx
þ
X1
n¼1

eCðnþ eÞ
n!ðnþ 1Þ! ð�xÞnDnþ1

x ðzÞ
" #

:

ð2:7Þ

Denote new scale by x1 ¼ xe. Then the derivative with respect to x is transformed according to
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