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a b s t r a c t

In this paper, on the basis of the theories and methods of ecology and ordinary differential
equation, an ecological model with an impulsive control strategy is established. By using
the theories of impulsive equation, small amplitude perturbation skills and comparison
technique, we get the condition which guarantees the global asymptotical stability of
the lowest-level prey and mid-level predator eradication periodic solution. It is proved that
the system is permanent. Further, influences of the impulsive perturbation on the inherent
oscillation are studied numerically, which shows rich dynamics, such as period-doubling
bifurcation, period-halving bifurcation, chaotic band, narrow or wide periodic window,
chaotic crises,etc. Moreover, the computation of the largest Lyapunov exponent demon-
strates the chaotic dynamic behavior of the model. At the same time, we investigate the
qualitative nature of strange attractor by using Fourier spectra. All these results may be
useful for study of the dynamic complexity of ecosystems.

� 2010 Elsevier B.V. All rights reserved.

1. Introduction

The research of the last two decades demonstrates that very complex dynamics can arise in continuous time food chain
models with three or more species [1–4], while similar results are obtained for multi-species food models with specialist and
generalist top-predators [5–7].

Many evolution processes are characterized by the fact at certain moments of time when they experience a change of
state abruptly. These processes are subject to short-term perturbations whose duration is negligible in comparison with
the duration of the process. Consequently, it is natural to assume that these perturbations act instantaneously, that is, in
the form of impulse. It is well known that many biological phenomena involving thresholds, bursting rhythm models in
medicine and biology, optimal control models in economics, pharmacokinetics and frequency modulate systems do exhibit
impulsive effects. Thus impulsive differential equations, differential equations involving impulsive effects, appear as a nat-
ural description of observed evolution phenomena of several real world problems [8–10]. Furthermore, the paper [11] pre-
sents a new approach via variational methods and critical point theory to obtain the existence of solutions to impulsive
problems and the paper [12] has proved that there exists Li-York chaos in the system with impacts. The field of research
of chaotic impulsive differential equations about biological and chemical control seems to be a new growing interesting area
in the recent years, which some scholars have paid attention to [13–29].

In this paper, we consider a three-species ecological model with an impulsive control strategy. The model can be
described by the following differential equations:
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where x(t),y(t),z(t) are the densities of one prey and two predators at time t, respectively, and Dx(t) = x(t+)�x(t),
Dy(t) = y(t+)�y(t), Dz(t) = z(t+)�z(t). ri(i = 1,2) are the intrinsic growth rate, ai(i = 1,2,3) and bi, (i = 1,2) measure the efficience
of the prey in evading a predator attack, b3 has similar meaning as that of bi. ei(i = 1,2,3) denote the efficiency with which
resources are converted to new consumers, ki, (i = 1,2) are carrying capacity in the absence of predator, mis the mortality
rates for the predator, And then T is the period of the impulsive effect, n 2 N, N is the set of all non-negative integers,
p > 0 is the release amount of predator at t = nT.

In this paper, we firstly prove that the lowest-level prey and mid-level predator eradication periodic solution is glob-
ally.asymptotically stable and the system is permanent. Secondly, by using the numerical simulation, we investigate the
influences on the inherent oscillation caused by the impulsive perturbations. Finally, the computation of the largest Lyapu-
nov exponent demonstrates the chaotic dynamic behavior of the model and the qualitative natures of the strange attractors
are studied by using Fourier spectra.

2. Mathematical analysis

Let Rþ ¼ ½0;1Þ; R3
þ ¼ fX 2 R3 j X P 0g. Denote f = (f1, f2, f3) the map defined by the right hand of the first second third

equation of system (1.1). Let V : Rþ � R3
þ ! Rþ, then V is said to belong to class V0 exists.

(1) V is continuous in ðnT; ðnþ 1ÞT� � R3
þ, and for each X 2 R3

þ; n 2 N; limðt;yÞ ! ðnTþ ;XÞVðt; yÞ ¼ VðnTþ;XÞ exists.
(2) V is locally Lipschitzian in X.

Definition 2.1. Let V 2 V0, then for ðt; xÞ 2 ðnT; ðnþ 1ÞT� � R3
þ, the upper right derivative of V(t,X) with respect to the impul-

sive differential system (1.1) is defined as

DþVðt;XÞ ¼ lim
h!0þ

sup
1
h
½Vðt þ h;X þ hf ðt; xÞÞ � Vðt;XÞ�

The solution of system (1.1) is a piecewise continuous function X : Rþ ! R3
þ; XðtÞ is continuous on (nT, (n + 1)T], n 2 N and

XðnTþÞ ¼ limt!nTþXðtÞ exists. The smoothness properties of f guarantee the global existence and uniqueness of solution of
system (1.1), for the details see book [8–10].

Definition 2.2. System (1.1) is said to be permanent if there exists a compact X � intR3
þ such that every solution

(x(t),y(t),z(t)) of system (1.1) will eventually enter and remain in the region X.
The following lemma is obvious.

Lemma 2.1. Let X(t) is a solution of system (1.1) with X(0+) P 0, then X(t) P 0 for all t P 0. And further X(t) > 0, t > 0 if X(0+) > 0.

We will use an important comparison theorem on impulsive differential equation.

Lemma 2.2 (Lakshmikantham 1989). Suppose V 2 V0. Assume that

DþVðt;XÞ 6 gðt;Vðt;XÞÞ t – nT;

Vðt;XðtþÞÞ 6 wnðVðt;XÞÞ t ¼ nT;

(
ð2:1Þ

where g:R+ � R+ ? R is continuous in (nT, (n + 1)T] � R+ and for u 2 Rþ;n 2 N; limðt;vÞ!ðnTþ ;uÞgðt; vÞ ¼ gðnTþ;uÞ exists, wn: R+ ? R+

is non-decreasing. Let r(t) be maximal solution of the scalar impulsive differential equation

duðtÞ
dt ¼ gðt;uðtÞÞ t – nT;

uðtþÞ ¼ wnðuðtÞÞ t ¼ nT;

uð0þÞ ¼ u0;

8><
>: ð2:2Þ

existing on [0,1). Then V(0+,X0) 6 u0, implies that V(t,X(t)) 6 r(t), t P 0, where X(t) is any solution of system (1.1).
Finally, we give some basic properties about the following subsystems of system (1.1)
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