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Abstract

In this paper, the homotopy analysis method is applied to solve linear and nonlinear fractional initial-value problems
(fIVPs). The fractional derivatives are described by Caputo’s sense. Exact and/or approximate analytical solutions of the
fIVPs are obtained. The results of applying this procedure to the studied cases show the high accuracy and efficiency of the
approach.
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1. Introduction

In recent years, fractional differential equations (FDEs) have found applications in many problems in
physics and engineering [1–4]. Since most of the nonlinear FDEs cannot be solved exactly, approximate
and numerical methods must be used. Some of the recent analytic methods for solving nonlinear problems
include the Adomian decomposition method (ADM) [5–9], homotopy-perturbation method (HPM) [10,11],
variational iteration method (VIM) [12,13] and homotopy analysis method (HAM) [14–19]. The HAM, first
proposed in 1992 by Liao [14], has been successfully applied to solve many problems in physics and science
[20–29]. Very recently, Song and Zhang [30] applied HAM to solve fractional KdV–Burgers–Kuramoto
equation.

In this paper, HAM is applied to solve linear and nonlinear fractional initial-value problems (fIVPs). Some
test examples shall be presented to show the efficiency and accuracy of HAM. Furthermore, the Taylor series
expansion shall be employed to avoid the difficulties with radical nonlinear terms.
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2. Basic definitions

In this section, we give some definitions and properties of the fractional calculus [4].

Definition 1. A real function h(t), t > 0, is said to be in the space Cl; l 2 R, if there exists a real number p > l,
such that h(t) = tph1(t), where h1(t) 2 C(0,1), and it is said to be in the space Cn

l if and only if hðnÞ 2 Cl, n 2 N.

Definition 2. The Riemann–Liouville fractional integral operator (Ja) of order a P 0, of a function
h 2 Cl,l P � 1, is defined as

J ahðtÞ ¼ 1

CðaÞ

Z t

0

ðt � sÞa�1hðsÞds ða > 0Þ;

J 0hðtÞ ¼hðtÞ ð1Þ

C(z) is the well-known Gamma function. Some of the properties of the operator Ja, which we will need here,
are as follows:

For h 2 Cl, l P � 1, a,b P 0 and c P � 1:

(1) J aJbhðtÞ ¼ J aþbhðtÞ,
(2) J aJbhðtÞ ¼ JbJ ahðtÞ,
(3) J atc ¼ Cðcþ1Þ

Cðaþcþ1Þ t
aþc.

Definition 3. The fractional derivative (Da) of h(t) in the Caputo’s sense is defined as

DahðtÞ ¼ 1

Cðn� aÞ

Z t

0

ðt � sÞn�a�1hðnÞðsÞds; ð2Þ

for n� 1 < a 6 n; n 2 N ; t > 0; h 2 Cn
�1.

The following are two basic properties of the Caputo’s fractional derivative [31]:

(1) Let h 2 Cn
�1; n 2 N . Then Dah; 0 6 a 6 n is well defined and Dah 2 C�1.

(2) Let n� 1 < a 6 n; n 2 N and h 2 Cn
l; l P �1. Then

ðJ aDaÞhðtÞ ¼ hðtÞ �
Xn�1

k¼0

hðkÞð0þÞ tk

k!
: ð3Þ

3. The homotopy analysis method (HAM)

In HAM, FDEs are written in the form,

FDðuðtÞÞ ¼ 0; ð4Þ
where FD is a fractional differential operator, t denotes an independent operator and u(t) is an unknown
function.

In the frame of HAM [18,19], we can construct the following zeroth-order deformation:

ð1� qÞL Uðt; qÞ � u0ðtÞð Þ ¼ q�hHðtÞFDðUðt; qÞÞ; ð5Þ
where q 2 [0, 1] is the embedding parameter, �h 5 0 is an auxiliary parameter, H(t) 5 0 is an auxiliary function,
L is an auxiliary linear operator, u0(t) is an initial guess of u(t) and U(t;q) is an unknown function on the
independent variables t and q.

Obviously, when q = 0 and q = 1, it holds

Uðt; 0Þ ¼ u0ðtÞ; Uðt; 1Þ ¼ uðtÞ; ð6Þ
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