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Abstract

The tanh method and the extended tanh method are used for handling the Zhiber—Shabat equation and the related
equations: Liouville equation, sinh-Gordon equation, Dodd-Bullough-Mikhailov (DBM) equation, and Tzitzeica—
Dodd-Bullough equation. Travelling wave solutions of different physical structures are formally derived for each equation.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

In this work, we investigate the nonlinear Zhiber—Shabat equation [1-9]:
Uy +pe’ +qge " +re M =0, (1)

where p, ¢, and r are arbitrary constant. For ¢ =r =0, Eq. (1) reduces to the Liouville equation. For r =0,
Eq. (1) reduces to the sinh-Gordon equation. However, for ¢ =0, Eq. (1) gives the well-known Dodd-Bul-
lough—Mikhailov equation. Moreover, for p=0, ¢ =—1, r =1, we obtain the Tzitzeica-Dodd-Bullough
equation. The aforementioned equations play a significant role in many scientific applications such as solid
state physics, nonlinear optics, plasma physics, fluid dynamics, mathematical biology, nonlinear optics, dislo-
cations in crystals, kink dynamics, and chemical kinetics, and quantum field theory [1-9].

Searching for explicit solutions for nonlinear evolution equation, by using different methods, is the goal for
many researchers. Many powerful methods, such as Bicklund transformation, inverse scattering method [§],
Hirota bilinear forms, pseudo spectral method, the tanh—sech method [10-14], the sine—cosine method [15-20],
projective Riccati equation method [7], and many other techniques were used to investigate these types of
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equations and to derive characteristics of the obtained solutions. Practically, there is no unified method that
can be used to handle all types of nonlinear problems.

The present paper is motivated by the desire to extend the works in [13-15] to make further progress. The
tanh method, developed by Malfliet in [10], proved to be effective and reliable for several nonlinear problems.
This method works effectively if the equation involves sine, cosine, hyperbolic sine, hyperbolic cosine func-
tions, and exponential functions. The extended tanh method will be employed as well. In what follows we
highlight the main features of the tanh method as introduced in [10] where more details and examples can
be found there.

2. The tanh method and the extended tanh method

We first unite the independent variables x and ¢ into one wave variable ¢ = x — ¢t to carry out a PDE in two
independent variables:

P(u7 utv u)ca uxxv Mxxx; .. ) = 07 (2)
into an ODE
O(u, ', u" u",...)=0. (3)

Eq. (3) is then integrated as long as all terms contain derivatives. The tanh technique is based on the a priori
assumption that the traveling wave solutions can be expressed in terms of the tanh function [10]. We therefor
introduce a new independent variable

Y = tanh(ué), 4)
that leads to the change of derivatives:
d »n d
d2 (5)

— = (1 =77 —2Yi+(1—Y2)d—2
az ¥ dy ar’)

The solutions can be proposed by the tanh method as a finite power series in Y in the form:
M
u(ué) =S(Y) = ", (6)
=0

limiting them to solitary and shock wave profiles. However, the extended tanh method admits the use of the
finite expansion

u(uf):S(Y):ZakYk—G—Zka’k, (7)

where M is a positive integer, in most cases, that will be determined. Expansion (7) reduces to the standard
tanh method [10-12] for b, =0, 1 < k < M. Substituting (6) or (7) into the ODE (3) results in an algebraic
equation in powers of Y.

The parameter M is a positive integer, in most cases, that will be determined by using a balance procedure,
where by comparing the behavior of ¥ in the highest derivative against its counterpart within the nonlinear
terms. With M determined, we collect all coefficients of powers of Y in the resulting equation where these coef-
ficients have to vanish, hence the coefficients a;, k > 0 can be determined.

3. The Zhiber—Shabat equation

We first use u(x,?) = u(&) that will carry out the Zhiber-Shabat Eq. (1) into
—cug: +pe' +ge " +re M =0. (8)
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