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a b s t r a c t

Summation-by-parts (SBP) operators have a number of properties that make them an attractive option
for higher-order spatial discretizations of partial differential equations. In particular, they enable the der-
ivation of higher-order boundary closures leading to provable time stability. When implemented on
multi-block structured meshes in conjunction with simultaneous approximation terms (SATs)—penalty
terms that impose boundary and interblock-coupling conditions in a weak sense—they offer additional
properties of value, even for second-order accurate schemes and steady problems. For example, they
involve low communication overhead for efficient parallel algorithms and relax the continuity require-
ments of both the mesh and the solution across block interfaces. This paper provides a brief history of
seminal contributions to, and applications of, SBP-SAT methods followed by a description of their prop-
erties and a methodology for deriving SBP operators for first derivatives and second derivatives with var-
iable coefficients. A procedure for deriving SATs is also provided. Practical aspects are discussed,
including artificial dissipation, transformation to curvilinear coordinates, and application to the
Navier–Stokes equations. Recent developments are reviewed, including a variational interpretation, the
connection to quadrature rules, functional superconvergence, error estimates, and dual consistency.
Finally, the connection to quadrature rules is exploited to provide a generalization of the SBP concept
to a broader class of operators, enabling a unification and rigorous development of SATs for operators
such as nodal-based pseudo-spectral and some discontinuous Galerkin operators.

� 2014 Elsevier Ltd. All rights reserved.

1. Introduction

In the numerical solution of partial differential equations
(PDEs), the potential improvements in efficiency from higher-order
methods have long been recognized [1,2]. Their advantage in-
creases as the error tolerance of a computation becomes more
stringent. In computational fluid dynamics, higher-order methods
are often applied to time-dependent problems requiring high res-
olution. Despite evidence that they can also be more efficient than
second-order methods for steady turbulent flows represented by
the Reynolds-averaged Navier–Stokes equations [3], their use in
this context is less common. This arises in part because the numer-
ical accuracy requirement in such problems is often less stringent
due to the fact that there can be a significant physical-model error

associated with, for example, the turbulence model. A second issue
impacting the effectiveness of higher-order methods when applied
to practical problems is that such problems are often characterized
by singularities and discontinuities of various types, such as shock
waves. This can impair the ability of the higher-order method to
achieve its design order, as the theory typically assumes a suffi-
ciently smooth solution. Further study is needed to determine
how this can be addressed. Nevertheless, there is growing interest
in solving practical aerodynamic problems to a high degree of
accuracy, and higher-order methods are being increasingly applied
to such problems [4,5].

As a result of several advantageous properties, summation-by-
parts (SBP) finite-difference operators with simultaneous approxi-
mation terms (SATs) for enforcing boundary and mesh interface
conditions have emerged as one of several viable higher-order
spatial discretizations for PDEs, for example the Navier–Stokes
(NS) equations governing the flow of a continuum fluid. The use
of finite-difference methods typically involves the use of
multi-block structured meshes as opposed to fully unstructured
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meshes, which can be easier to generate about complex geometries.
Nevertheless, for geometries where a multi-block structured mesh
can be readily generated, including many complex geometries of
practical interest [6], finite-difference discretizations can be the
most efficient option [7]. In particular, higher-order finite-differ-
ence methods can be very efficiently implemented on structured
meshes [8,3]. Moreover, the SBP-SAT approach on multi-block
meshes has proven to be advantageous even in a second-order
implementation. For example, Hicken and Zingg [9] and Osusky
and Zingg [6] have developed efficient flow solution methodologies
combining the SBP-SAT approach with a Newton–Krylov–Schur
parallel implicit algorithm for the Euler and Reynolds-averaged Na-
vier–Stokes equations, respectively, that have been applied to var-
ious complex geometries, including full aircraft configurations [10].

We begin this review with an introduction to the basic concepts
underpinning SBP-SAT schemes in the context of the linear convec-
tion equation with a unit wave speed in one dimension discretized
on a uniform mesh. This is intended for the reader who is new to
SBP-SAT schemes. The reader who is already familiar with the basic
concepts can skip past (26).

With a positive unit wave speed, the linear advection equation
is given by

@U
@t
þ @U
@x
¼ 0 ð1Þ

on the domain xL 6 x 6 xR with the boundary condition
Uð0; tÞ ¼ ULðtÞ.

Time stability of the partial differential equation with UL ¼ 0 is
readily shown. The time rate of change of the energy in the domain
is
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Applying integration by parts we find
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which is nonpositive when UL ¼ 0.
Next consider a discretization in space on a mesh with N þ 1

equally spaced nodes indexed from 0 to N such that
u ¼ ½u0;u1; . . . ; uN�T . We define an SBP finite-difference operator
for a first derivative D1 as

HD1u ¼ Qu; i:e:
@U
@x
� H�1Qu; ð4Þ

where H is a diagonal positive definite matrix that defines an inner
product, norm, and quadrature by
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and
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We will see later that the restriction to a diagonal H is not neces-
sary, but it simplifies our initial introduction to SBP schemes.

With these definitions the discrete SBP operator mimics the
integration by parts result obtained in the continuous case:

ðu;H�1QvÞH ¼ uTðEN � E0Þv � ðH�1Qu;vÞH: ð7Þ

This enables the following energy estimate (ignoring the boundary
condition for now):
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which mimics the continuous case (3).
Before moving on to SATs, we consider an example of an SBP

operator. The parameter p defines the scheme’s order of accuracy.
For a first derivative, with diagonal H, the scheme has interior or-
der 2p, boundary order p, and global order pþ 1. For example, with
p ¼ 2 we have interior order 4 and global order 3. With p ¼ 2 the
matrices H and Q have the following form:
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where both matrices have corresponding entries in the lower right-
hand corner. In the interior of the domain, the operator is the stan-
dard fourth-order centered difference operator. The various unspec-
ified entries in H and Q must be determined to satisfy the order of
accuracy requirements; this is further discussed in Section 4. The
SBP property is obtained by construction (the entries in H must
be positive).

SATs are penalty terms that impose boundary conditions in a
weak sense. For our simple example, we have

H
du
dt
¼ �Qu� rðu0 � ULÞe0; ð10Þ

where r is a parameter, and e0 ¼ ½1;0; . . . ; 0�T . With the SAT term in-
cluded we get the following energy estimate (with UL ¼ 0):
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dt
Hu ¼ �uTðQþ QTÞu� 2uTru0e0

¼ �uTðEN � E0Þu� 2uTru0e0 ¼ �u2
N þ u2

0 � 2ru2
0; ð11Þ

which is nonnegative for r P 1=2.
In order to demonstrate that an SBP operator is conservative, we

must show that Gauss’s theoremI
S

n � FdS ¼
Z

V
r � FdV ; ð12Þ

is satisfied discretely. For the one-dimensional linear advection
equation we require:

UðxRÞ � UðxLÞ ¼
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