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a b s t r a c t

General approach for numerical treatment of the integro-differential equation of flat crack
problem is considered. It consists in presenting the crack surface loading as a set of poly-
nomial functions of two Cartesian coordinates while the corresponding crack surface dis-
placements are chosen as similar polynomials multiplied by the function of form (FoF)
to reflect the required singularity of their behavior. Two methods of getting the relations
matrixes between these two sets are examined: the first is classical one (when initially
the Laplace operator is analytically applied to the integral part of equation and later the
resulting hypersingular equation is considered); and the second one is so called direct
method (values of the integral are calculated at chosen points of the crack surface, and then
these are fitted by polynomial series with subsequent application of the Laplace operator to
them).
In both these methods the most efforts are devoted to the choice of the FoFs. Three dif-

ferent types of them are tested as to accuracy of results. The first is a usual one when the
conditional center of crack is chosen and the FoF is taken as a square root of 1 minus
squared relative polar radius of considered surface point. What is unusual here is investi-
gation of shift of the center even for the circular crack. The second one is presentation of
the FoF as a square root of products of equations of straight and circular lines of crack
boundary. And the third one is based on new idea to use the Burns–Oore FoF, previously
suggested in their famous 3D weight function method.
Comprehensive investigation of the accuracy of above methods with different combina-

tion of FoFs on examples of circular, elliptic, semicircular and square cracks are performed.
� 2016 Elsevier Ltd. All rights reserved.

1. Introduction

1.1. The problem statement

Mode I flat crack problem can be reduced to the solution of the following integro-differential equation [1,2]:
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here S is an area of the flat crack of arbitrary shape in the infinite isotropic body; ðx; yÞ and ðn;gÞ are two sets of Cartesian
coordinates originated in point O (Fig. 1); pðx; yÞ is a normal stress (loading) acted on the crack surface and Uðn;gÞ is a dis-
placement of crack surface points; R� is a distance between the point of load application and considered point of crack sur-

face, R� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx� nÞ2 þ ðy� gÞ2

q
, E is a module of elasticity, l is a Poisson’s ratio.

Given that crack opening displacement (COD) field Uðn;gÞ is available in analytical form, the SIF value in the arbitrary
contour point with angular coordinate h can be found from well-known limit transition:
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where D is the shortest distance between the crack front point with coordinate u ¼ h and considered crack surface point.
In spite of relative simplicity of Eq. (1), to obtain the universal solution for cracks of arbitrary shape is extremely complex

task. Up to day, effective fundamental analytical solution for the COD was obtained only for the circular crack, while for the
crack of elliptical configuration the solutions were obtained only for polynomial loading. With respect to the crack of com-
plex form the available general numerical schemes of treatment of (1) are scarce and cannot be considered as the universal
ones.

Now, the intensive development of computer capacities makes it possible to elaborate comprehensive approaches to the
solution of Eq. (1) for the arbitrary crack shape. At the same time, great number of universal commercial FEM based soft-
wares are evolved, which are able to achieve the very high level of accuracy. So the following question is quite natural:
‘‘Are theoretical methods (e.g. bases on solution of (1)) really important and demanded now?”

From the author’s point of view, theoretical methods are still of a high demand and can be used in the following:

– As the reference results for numerical methods to test the accuracy and adequacy of SIF calculations. Such task is quite
demanded, because even generally precise numerical method may give inadequate results with respect to the means of
local meshing at the crack tip and their relation with the global geometry model.

Nomenclature

av coefficients of interpolation function on the integration line
Aij coefficients of polynomial presentation of the crack surface displacement
Bnm coefficients of the polynomial presentation of crack surface loading
E module of elasticity
f ðqÞ interpolation function on the integration line
FI dimensionless SIF value
J =max(i + j = n + m) the maximum degree of stress and displacement polynomials in the hypersingular method
Jintegral = J + 2 maximum degree of interpolation polynomial for values obtained by integrating in the direct method
KI SIF value
ðM1Þ direct solution matrix, which gives stresses for the chosen set of displacement
ðM2Þ ¼ ðM1Þ�1 inverse solution matrix – the main goal of the work, it provides displacements for the chosen stresses
O conditional center of the crack
Oqðxq; yqÞ collocation point (the value of integral is numerically calculated in it)
pðx; yÞ field of normal stress acted on the crack surface
r radial coordinate of considered point of the crack surface with respect to the conditional center O
rloc radial coordinate in local system with respect to the collocation point Oqðxq; yqÞ
R radial coordinate of the crack contour point related to the considered point of crack surface, r, (the crack center

O, considered surface point and crack contour point are on the same line)
S area of the flat crack
Uðn;gÞ field of the crack opening displacements
V the maximum degree of interpolation polynomial on the line of integration
ðx; yÞ, ðn;gÞ sets of Cartesian coordinates with origin in the point O
D the shortest distance between the crack front and crack surface point considered
l Poisson’s ratio
q normalized local radial coordinate of arbitrary point on the integration line, linearly dependent on rloc
q0 normalized local radial coordinate of the collocation point
l semi-length of the line of integration
X, X1;X2;X3 different types of the FoF of crack opening displacement
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