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a b s t r a c t

Extensive finite element analyses have been conducted to obtain solutions of the A-term,
which is the second parameter in three-term elastic–plastic asymptotic expansion, for test
specimens. Three mode I crack plane-strain test specimens, i.e. single edge cracked plate
(SECP), center cracked plate (CCP) and double edge cracked plate (DECP) were studied.
The crack geometries analyzed included shallow to deep cracks. Solutions of A-term were
obtained for material following the Ramberg–Osgood power law with hardening exponent
of n = 3, 4, 5, 7 and 10. Remote tension loading was applied which covers from small-scale
to large-scale yielding. Based on the finite element results, empirical equations to predict
the A-terms under small-scale yielding (SSY) to large-scale yielding conditions were devel-
oped. In addition, by using the relationships between A and other commonly used second
fracture parameters such as Q factor and A2-term, the present solutions can be used to cal-
culate parameters A2 and Q as well. The results presented in the paper are suitable to cal-
culate the second elastic–plastic fracture parameters for test specimens for a wide range of
crack geometries, material strain hardening behaviors and loading conditions.

� 2010 Elsevier Ltd. All rights reserved.

1. Introduction

Characterizations of crack-tip stress/strain fields are the foundation of fracture mechanics. In classical elastic–plastic frac-
ture mechanics (EPFM), J-integral is commonly used to set the amplitude of the crack-tip stress fields (i.e. the Hutchison–
Rice–Rosengren (HRR) field) [1–3]. It has been well established that elastic–plastic fracture mechanics using J-integral works
well only for crack-tip stress/strain fields that are under high constraint conditions. Under high constraint conditions, the J-
dominance is maintained under large-scale yielding conditions and the HRR fields [2,3] characterize the crack-tip stress/
strain fields. However, for cracks under low constraint conditions, as the external load increases from small-scale to
large-scale yielding, J-dominance will be gradually lost, i.e. the local crack-tip stress/strain fields deviate from the HRR fields.
Additional parameter is required, together with J-integral, to quantify the crack-tip stress fields.

Therefore, several two-parameter approaches for elastic–plastic crack-tip fields have been proposed to overcome the lim-
itation of one-parameter J-based fracture mechanics approach. Li and Wang [4] as well as Sharma and Aravas [5] first pro-
posed to use the amplitude of the second term in the asymptotic expansion for mode I plane-strain condition of power-law
hardening material as the additional parameter. Betegon and Hancock [6], Al-Ani and Hancock [7] and Du and Hancock [8]
confirmed that T-stress, which is the second term of Williams’ expansion of the elastic crack-tip field [9], can be used as con-
straint parameter, together with J-integral, in describing elastic–plastic crack-tip fields for a variety of plane-strain cases,
which is called the J–T approach. O’Dowd and Shih [10,11] suggested the J–Q approach based on the main feature of the
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elastic–plastic crack-tip stress fields. The second fracture parameter Q is defined as the difference between the stresses in
crack-tip region determined by numerical analysis and the HRR or small-scale yielding (SSY) stress fields.

Following the early work of Li and Wang [4] and Sharma and Aravas [5], Yang et al. [12,13] conducted a more complete
and sophisticated analysis for higher order terms of asymptotic expansion of stress and displacement fields in crack tip. They
derived a three-term expansion of crack-tip field with two fracture parameters: J-integral and a second fracture parameter

Nomenclature

a depth of crack in the test specimen
a, b, c, d coefficients of cubic equation for calculating constraint parameter A from FEA results
ai, bi, ci, di coefficients of expression on deviation of the asymptotic stress fields from the FEA stress solution for ith fitting

point
A constraint parameter (second fracture parameter) in J–A crack-tip fields
A0, A1, A2 amplitudes of three-term asymptotic expansion for J–A or J–A2 crack-tip fields
A2 constraint parameter (second fracture parameter) in J–A2 crack-tip fields
ASSY small-scale yielding FEA solution of constraint parameter A
d1, d2, d3 coefficients of empirical formulas for predicting constraint parameter A
eij coefficients of empirical expressions for calculating coefficients d1, d2, d3

E Young’s modulus
fadj adjusting factor in empirical formulas for predicting constraint parameter A
fij non-dimensional angular function in Williams’ series expansion for stress
gi angular functions for displacement boundary conditions in small-scale yielding model
h coefficient of empirical expression for calculating adjusting factor fadj

H half length of the test specimens
In scaling integral depending on hardening exponent n
J J-integral
KI stress intensity factor for mode I
L characteristic dimension in J–A2 crack-tip fields
n material hardening exponent
nr number of elements in radial direction at crack tip core region
nh number of elements in angular direction at crack tip core region
Q constraint parameter (second fracture parameter) in J–Q crack-tip fields
r radius in polar coordinates at crack tip
�r dimensionless radius in polar coordinates at crack tip
�ri dimensionless radius in polar coordinates at crack tip for ith fitting point
rp radius of crack tip plastic zone
R maximum radius of the small-scale yielding model
s, t powers in J–A crack-tip fields
s1, s2, s3 powers in J–A2 crack-tip fields
T T-stress
ux, uy boundary displacement components in x and y directions of cartesian coordinates
wi weight for the ith fitting point
W width of test specimen
x, y Cartesian coordinates
a material coefficient in Ramberg–Osgood relationship
di deviation of the asymptotic stress fields from the FEA stress solution for ith fitting point
eij strain components
e0 yield strain
h angle in polar coordinates at crack tip
hi angle in polar coordinates at crack tip for ith fitting point
j elastic constant
l shear modulus
r remote tension loading (stress) applied on the boundary of test specimen
rij stress components
r0 yield stress
rFEM stress value from finite element analysis
�rð0Þij ; �rð1Þij ; �rð2Þij dimensionless angular stress functions in J–A crack-tip fields

~rð1Þij ; ~rð2Þij ; ~rð3Þij dimensionless angular stress functions in J–A2 crack-tip fields

rL limit load of test specimen
t Poisson’s ratio
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