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Insertion-induced expansion of a thin film on a rigid substrate
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h i g h l i g h t s

� A mathematic treatment of insertion-induced expansion of a thin film was developed.
� A semi-analytical relation is obtained for insertion-induced expansion of a Si film.
� Stress-assisted diffusion is important in controlling diffusion of Li atoms in LIB.

a r t i c l e i n f o

Article history:
Received 22 March 2013
Received in revised form
18 April 2013
Accepted 21 April 2013
Available online 29 April 2013

Keywords:
Insertion
Expansion
Stress
Lithium-ion battery

a b s t r a c t

The local volume expansion due to the insertion of lithium into electric anode in a lithium-ion battery
determines the structural durability and reliability of the battery. The coupling between diffusion and
stress was incorporated in analyzing the insertion-induced expansion of an elastic thin film on a rigid
substrate. The results showed that the stress-assisted diffusion is an important mechanism controlling
the diffusion of lithium cations in silicon films. Under the action of a constant diffusion flux, semi-
analytical relations were obtained for the temporal evolution of the insertion-induced expansion of a
Si film and the hydrostatic stress in the Si film. The surface displacement of the Si film is proportional to
the film thickness and the square of the electric current density for small diffusion time.

� 2013 Elsevier B.V. All rights reserved.

1. Introduction

Lithium-ion batteries (LIBs), which generally require a long
service life under sustained electrochemical cycling, have been
gradually used in hybrid electric vehicles and advanced aircraft. To
develop LIBs of high energy density and high capacity, new elec-
trode materials, such as Si and Sn, have been investigated. Many of
these materials experience rapid volume changes during the
insertion and de-insertion of lithium, which can reach to w400%
in silicon, and introduce significant stresses due to geometrical
confinement. The development of large stresses has limited the
use of bulk structural materials of high energy density and ca-
pacity in LIBs, and has accelerated the research to develop
low-dimensional materials, such as thin films, nanowires, and
nanoparticles for LIBs.

Beaulieu et al. [1] used in-situ AFM to characterize the effect of
the insertion and de-insertion of lithium on the volume changes of
continuous and patterned films of crystalline Al, crystalline Sn,
amorphous Si (a-Si), and a-Si0.64Sn0.36 through the measurement of

the change in length, width, and height. Tian et al. [2] measured the
volume change of nanostructured SneCoeC films as a function of Li
content. They observed the height change of the SneCoeC films
during lithation and delithation, and the separation of the films
from substrate in the central portion of the films. Park et al. [3] used
in-situ AFM to investigate the time-dependent morphology change
of cylindrical LixCoO2-electrodes during charging and discharging
and used finite element method to analyze the morphological
change of a cylindrical pillar. Maranchi et al. [4] observed the
cracking and debonding of amorphous Si on the Cu-foil substrate,
which was created by the insertion and de-insertion of lithium into
silicon during electrochemical charging. Uia et al. [5] observed the
cracking of Sn film after the first discharge when studying the
electrochemical characteristics of Sn film as a negative electrode for
lithium secondary batteries. Li et al. [6] examined the crack pattern
on amorphous Si films in thin film lithium-ion battery electrodes.
He et al. [7] used AFM to examine the shape evolution of patterned
amorphous and polycrystalline Si microarray caused by Li insertion
and de-insertion. They observed the change of square columns to
the dome and bowl shape, and the presence of surface cracking and
delamination. Yang [8] derived simple relations between the crit-
ical concentration of solute atoms and average damage size for theE-mail address: fyang0@engr.uky.edu.
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insertion-induced cracking and buckling in an elastic film. Haft-
baradaran and Gao [9] used analytical and numerical calculations to
reveal the occurrence of ratcheting in patterned Si islands during
lithiation/delithiation cycling. Obviously, the volume change during
the lithium insertion and de-insertion presents a challenge to the
development of advanced LIBs for use in hybrid electric vehicles
and advanced aircraft.

Understanding the volume change of active materials during
lithiation/delithiation cycling plays an important role in the struc-
tural design and material selection of the next-generation LIBs, and
in the prevention of the microcracking and debonding of thin films.
It is the purpose of this work to study the insertion-induced
expansion of an elastic thin film on a rigid substrate. The effect of
the insertion-induced stress is incorporated in the analysis. The
temporal evolution of the film thickness is obtained as a function of
Li concentration. The variation of the hydrostatic stress in the film is
also discussed.

2. Physical model

Consider an elastic film deposited on a rigid substrate. Here, the
analysis is focused on the effect of the insertion of solute atoms into
the film on the change of the film thickness and the evolution of
hydrostatic stress. The insertion of solute atoms into the film in-
troduces local volumetric expansion and mechanical stress, which
causes the change of the film thickness and possibly local separa-
tion from the substrate.

Assume that (1) the deformation is elastic and isotropic, and the
analysis is not focused on the large deformation related to plasticity
[10], (2) the diffusion coefficient and mechanical properties are
constants, independent of the concentration of solute atoms, and
(3) the film thickness is much smaller than the lateral dimensions.
The constitutive relation describing the diffusion-induced
deformation of elastic materials in the regime of linear elasticity
is [11]

εij ¼
1
E

�ð1þ nÞsij � nskkdij
� þ cU

3
dij (1)

where εij (i; j ¼ 1;2;3) are the components of strain tensor, sij are
the components of stress tensor, U is the coefficient of the volume
expansion per mole of solute atoms (m3 mol�1), c is the concen-
tration (mol m�3) of the diffusing component, and E and n are
Young’s modulus and Poisson’s ratio of the material, respectively.
The coefficient of the volume expansion U is assumed constant,
independent of c. Note that the material properties of E, D, and U

can be concentration-dependent. The effect of the concentration
dependence of E, D, and U on diffusion and chemical stress is
generally negligible for a small concentration of solute atoms, and
E, D, and U can be approximated constants, as used in this
work. However, the effect of the concentration dependence of E,
D, and U may become important in controlling atomic
migration when new phases are formed and the material becomes
composite.

For the film being firmly adherent to the substrate, the material
experiences no lateral displacement on the contact surface.
With the insertion of solute atoms into the film, the confinement
of the rigid substrate introduces local mechanical strain in the
film as

ε11 ¼ ε22 ¼ �cU
3

(2)

According to symmetrical characteristics of the problem,
s11 ¼ s22. Without the normal loading applied to the upper sur-
face of the film, one has s33 ¼ 0. Eqs. (1) and (2) give

s11 ¼ s22 ¼ � E
1� n

cU
3

(3)

ε33 ¼ 2n
1� n

cU
3

(4)

From Eq. (3) and s33 ¼ 0, the hydrostatic stress in the film is
found as

s ¼ s11 þ s22 þ s33
3

¼ � 2E
1� n

cU
9

(5)

Integration of Eq. (4) gives the displacement of the upper surface
of the film (i.e. the thickness change of the film) as

u3 ¼
Zh
0

ε33 dx3 ¼ 2n
1� n

U

3

Zh
0

c dx3 (6)

Here, h is the film thickness.
Considering the stress effect on diffusion, one can express the

diffusion equation as [11]

D0

�
V2c� U

RT
V
/

c$V
/

s�Uc
RT

V2s

�
¼ vc

vt
(7)

where D0 is the diffusion coefficient, R is the gas constant, T is ab-
solute temperature, and t is time. Substituting Eq. (5) into Eq. (7)
gives

D0

h
ð1þ acÞV2cþ aV

/
c$V

/
c
i

¼ vc
vt

(8)

with

a ¼ 2EU2

9ð1� nÞRT (9)

For one-dimensional problems, Eq. (8) reduces to
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(10)

or

D0
v

vx3

�
ð1þ acÞ vc

vx3

�
¼ vc

vt
(11)

Eq. (11) suggests that the stress effect on the diffusion of solute
atoms is equivalent to the nonlinear diffusion with the concentra-
tion dependence of the diffusion coefficient. Eq. (11) reduces to the
classical diffusion equation if there is no stress effect on the diffu-
sion of solute atoms. To completely describe the problem,
one needs boundary conditions to obtain the diffusion field from
Eq. (11).

3. Evolution of hydrostatic stress and film thickness

Consider the evolution of the hydrostatic stress and film thick-
ness in the thin film. Initially, there are no solute atoms in the film,
i.e. the initial condition is

c ¼ 0 for 0 � x3 � h at t ¼ 0 (12)

The conducting film is connected to a current collector at the
end of x3 ¼ 0 and solute atoms cannot diffuse into the current
collector. Thus, the boundary condition at x3 ¼ 0 is
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