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a b s t r a c t

In the present paper, a new computationally-efficient frequency domain formulation of the critical plane-
based Carpinteri–Spagnoli (C–S) criterion is proposed to evaluate the fatigue lives of smooth metallic
structures subjected to multiaxial random loading. The critical plane orientation is here proposed to
depend on the Power Spectral Density (PSD) matrix of the stress tensor. Then, the PSD function of an
equivalent normal stress is defined by considering a linear combination of the PSD functions of the nor-
mal stress and the projected shear stress along the direction of maximum variance, with such stresses
acting on the critical plane. Such an equivalent PSD function allows us to apply the Tovo–Benasciutti
method to estimate the fatigue life of the structural components. The present frequency domain formu-
lation of the C–S criterion is applied to some relevant fatigue tests related to smooth specimens under
non-proportional bending and torsion random loading.

� 2014 Elsevier Ltd. All rights reserved.

1. Introduction

Engineering structures prone to fatigue failure are often
exposed to cyclic loading characterized by randomly varying
amplitudes. The assessment of structural integrity, fatigue strength
and reliability under random loading is a complex and critical issue
in the design of such structures, which becomes even more
complex in the case of multiaxial loading.

Despite the numerous research papers in the field, a correct
quantification of the relationship between fatigue damage and load
fluctuation features is still lacking, particularly when multiaxial
random loadings are considered.

Various kind of procedures to assess the fatigue life of structural
components under in-service multiaxial random loading are for-
mulated in the time domain. They usually represent a generaliza-
tion of their counterparts for constant amplitude loading, and
usually require the knowledge of the time histories of the local
stress or strain tensor components, the use of a counting procedure
and a cumulative damage rule [1–7]. Experimental measurements
or numerical simulations of the above time histories make such
procedures costly and time-consuming, since many records are
needed in order to obtain reliable statistical parameters of cycle
distribution of random loading.

Following alternative procedures in frequency domain, strong
efforts have been made in many research works to correlate fatigue
damage with Power Spectral Density (PSD) characteristics of stress

or strain components. Such procedures require that the loading
process is known from a statistical point of view in terms of the
PSD functions of the local stress or strain tensor components, as
typically happens in the case (for instance) of random vibration
tests [8–19].

In the present paper, an efficient frequency domain formulation
of the Carpinteri–Spagnoli (C–S) criterion is proposed to evaluate
the fatigue lives of smooth metallic structures subjected to multi-
axial random loading.

The critical plane orientation, originally correlated to weighted
mean directions of the principal stresses [20–24], is here assumed
to be dependent on the Power Spectral Density matrix of the stress
vector [25]. Then, the criterion presented in Refs. [6,7] for random
loading is modified to evaluate the fatigue life by knowing the PSD
function of an equivalent normal stress [14,25]. Accordingly, the
shear stress vector acting on the critical plane is projected along
the direction that maximizes the variance of such a stress (note
that the projected shear stress obtained is time-varying in modu-
lus, but its direction does not change with time), and the PSD func-
tion of the equivalent stress is defined by a linear combination of
the PSD functions of the normal stress and the projected shear
stress, both acting on the critical plane. The obtained equivalent
PSD function allows us to apply the Tovo–Benasciutti method
[18] in order to determine the fatigue life of the structural compo-
nent being examined.

The frequency domain formulation of the C–S criterion is ap-
plied to some relevant random fatigue experimental results avail-
able in the literature [26], related to smooth specimens under non-
proportional bending and torsion random loading.
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2. Basic properties of stochastic processes

Let us consider a one-dimensional ergodic stationary stochastic
process {X(t)}, so that its statistical properties, invariant under a
time shift, can be deduced from a single and sufficiently long re-
cord of such a process. Such ergodic and stationary assumptions
are those commonly required for cyclic loading in order to handle
fatigue calculations in the frequency domain (note that several
load types, such as those due to traffic, wind, waves on civil engi-
neering structures, can be treated as ergodic and stationary sto-
chastic processes).

The above stochastic process is completely described, in the
time-domain, by its two-sided Power Spectral Density (PSD) func-
tion, SX,X(x) [27]:

SX;XðxÞ ¼
1

2p

Z þ1

�1
RX;XðsÞe�ixs ds ð1Þ

defined as the Fourier transform of the autocorrelation function
RX,X(s):

RX;XðsÞ ¼ E½XðtÞ Xðt þ sÞ� ¼ lim
T!1

1
T

Z T

0
XðtÞ Xðt þ sÞdt ð2Þ

where the operator E[�] indicates the expected value of a random
variable, x represents the pulsation, t and T are the time and the
observation time interval, respectively (Fig. 1).

The spectral moments of the PSD function SX,X(x) are defined as
follows [27]:

km ¼
Z þ1

�1
jxjmSX;XðxÞdx ð3Þ

where m is a positive real number. As is well known, there exist cor-
relations between such moments and rX (variance of {X(t)}), r2

_X
and

r2
€X

(variances of f _XðtÞg and f€XðtÞg, which are the derivatives of the
process {X(t)}):

k0 ¼ r2
X ð4aÞ

k2 ¼ r2
_X ð4bÞ

k4 ¼ r2
€X ð4cÞ

Nomenclature

E[DNB] expected fatigue damage per unit time by employing
the narrow-band approximation

E[DRC] expected fatigue damage per unit time by employing
the range-mean counting method

E[DRFC] expected fatigue damage per unit time by employing
the rainflow counting method

pa(s) marginal probability distribution of the amplitude (s) of
the {X(t)} counted cycles

pp(X) probability distribution of peaks of {X(t)}
PXYZ fixed frame
PX0Y0Z0 rotated coordinate system
P1̂2̂3̂ coordinate system of the weighted mean principal

stress axes
Puvw coordinate system attached to the critical plane
RX,X(s) autocorrelation function of {X(t)}
Ri,j(s) auto/cross-correlation functions of the i-th and the j-th

stress vector components si(t) and sj(t)
Seq(x) equivalent PSD function
sxyz(t) stress vector referred to the coordinate system PXYZ
sx0y0z0(t) stress vector referred to the coordinate system PX0Y0Z0

suvw(t) stress vector referred to the coordinate system Puvw
SX,X(x) two-sided Power Spectral Density (PSD) function of

{X(t)}
Sxyzx) Power Spectral Density (PSD) matrix of sxyz(t)
Si,j(x) coefficients of the Sxyz(x) matrix
Sx0y0z0(x) Power Spectral Density (PSD) matrix of sx0y0z0(t)
Si0 ,j0(x) coefficients of the Sx0y0z0(x) matrix
S30 ,30 PSD function of the normal stress rz0

S60 ,60 PSD function of the shear stress sy0z0

Suvw(x) Power Spectral Density (PSD) matrix of suvw(t)
S300 ,30 PSD function of the normal stress rw

S600 ,600 PSD function of the shear stress svw

t time
T observation time interval
Tcal calculated fatigue life
Texp experimental fatigue life
{X(t)} one-dimensional ergodic stationary stochastic process
am m-th bandwidth parameter, with m positive real num-

ber
a2 regularity index
c rotation about w-axis
d angle between the averaged direction 1̂ and the normal

w to the critical plane (Fig. 3(b))
km m-th spectral moment, with m positive real number
lX mean value of {X(t)}
ma expected rate of occurrence of cycles of {X(t)}
mþlX

expected rate of mean-upcrossings of {X(t)}
mp expected rate of occurrence of peaks of {X(t)}
mþ0 expected rate of zero-upcrossings of rz0

raf,�1 normal stress fatigue limit for fully reversed normal
stress (loading ratio R = �1)

r2
X variance of the process {X(t)}

r2
_X

variance of the first time derivative of the process {X(t)}
r2

€X
variance of the second time derivative of the process
{X(t)}

saf,�1 shear stress fatigue limit for fully reversed shear stress
(loading ratio R = �1)

/, h, w Euler angles
x pulsation

(a)

(b)

Fig. 1. Stochastic process: (a) characteristic parameters; and (b) related PSD
function.
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