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In this paper we introduce the boundary value problem of three-dimensional classical elasticity for an
infinite body containing an elliptical crack. Using the method of simultaneous dual integral equations,
the problem is transformed to the system of linear algebraic equations. Stress intensity factor is obtained
in the form of the Fourier series expansion. Several solutions for specific cases of applied polynomial
stress fields are derived and compared with existing results. Eligibility of the method for more compli-
cated stress fields is demonstrated on the example of partially loaded elliptical crack.
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1. Introduction

Fatigue durability, damage tolerance and strength evaluations of
cracked structural components require calculation of stress inten-
sity factors (SIF). Most practical crack configurations are embedded
planar cracks subjected to complex two-dimensional stress fields.

The only crack geometry which has been studied for all types of
applied loadings is a penny shaped crack. Sneddon [1] first introduced
the system of dual integral equations with Bessel kernels for the case
when applied stress depends on the polar angle only. Later his solu-
tion was extended by Kassir and Sih [2] for all types of applied loading.

Elliptical crack as an example of more complicated crack geom-
etry became a real challenge for researchers in Fracture Mechanics.
So far only limited number of analytical solutions for applied stress
in the form of specific polynomials has been obtained (see, for
example, [2-4]).

In the present paper we use the method of simultaneous dual
integral equations for a problem of elliptical crack subjected to
the arbitrary normal loading, compare our results with available
solutions for polynomial applied loadings and introduce the solu-
tion for more complicated applied stress.

2. Method of simultaneous dual integral equations for an
elliptical crack

Consider the following boundary value problem for a crack.
Suppose that a planar elliptical crack (with semiaxes a and b,
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a > b) enclosed in a three-dimensional infinite elastic body (with
material constants E and v), occupies the open domain
S: ;%—kié < 1 in the plane z =0 (in Cartesian coordinates (x,y,z)).
The crack is opened up by an applied normal stress p(x,y), sym-
metric with respect to the crack plane. Due to the symmetry of
the applied load, it is sufficient to analyze the problem only in
the upper half-space z > 0. Together with the standard equations
of elastic equilibrium [5] the following boundary conditions are
imposed

Ty =Ty, =0, forz=0;
0,(x,y,0) = —p(x,y), for (x,y)€S (1
w(x,y,0) =0, for (x,y) €Sy,

where §; : ;—2 + yb—z > 1is an open domain in the plane z = 0 outside of
the crack, 14,7, 04(x,y,0) are components of the elastic stress ten-
sor and w(x,y,0) is the displacement in z-direction in the plane
z=0. We seek for the crack opening displacement w(x,y,0) at
any arbitrary point Q(x,y) € S. After the crack opening displacement
has been found, stress intensity factor (SIF) at the corresponding
point of the crack contour Q'(x' = acos ¢,y = bsin ) can be ob-
tained as [6]

E . ,y,0
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where s is the distance from the point Q(x,y) to the crack front, i.e.
the point Q'(x',y").

A common approach to solving such a problem is based on the
representation of elastic stresses and displacements by means of
one function, harmonic in the half-space z >0 and satisfying
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mixed boundary conditions in the plane z =0 [7]. By using the
representation of a harmonic function in the form of the single-
layer potential, one can transform the first boundary condition in
(1) into the integral equation

11,0)dédn

xy//\/————:&—;-_ -0(X,Y),

07 p(x,y) and 4y is the two-dimensional La-

3)

where o(x,y) =
place operator
* &

Axy = @ + @ . (4)
We apply the method of simultaneous dual integral equations,
used earlier by Sneddon [8] and Kassir and Sih [2] for the problem
of a circular crack to solve the Eq. (3). For convenience Cartesian

coordinates (x,y,z) are changed to the elliptic system
(x = arcos 6,y = brsin 6). Two domains S and S; can be defined as

S:r<1, 0<0<2n Si:r>1, 0<0<2m. (5)
The next step is to expand the load into Fourier series
o5(r) . o
o(x,y) =o0(r,0) = ) + Z (a5(r) cos nd + o3 (r) sinno). (6)

n=1

Further, we make use of the inverse Fourier transform
1

x=&’+@y-n’

/m

and introduce new unknown function

F(pr.py) = / / el Py (¢, 0)dedn (8)

expanded in polar coordinates (ap, = Rcosy,bp, = Rsiny) into
Fourier series

~ixpiyp2) @iP141P2) dp. dp, (7)

= i(an(R) cos my + F;,(R) sinmy). 9)

m=0

F(R, )
Using the expansion
e 00 Jo(Rr) + 30 2(-0)(R) cosn(0 — ), (10
n=1
we can transform (3) and the last displacement boundary condition

in (1) into the system of dual integral equations for every compo-
nent F;(R)

[ e

/F;(R)]n(rR)RdR:O, r>1,
0

ab? oi(r)

(RrR*dR = 20

0<r<1
(11)

where

2n
o / 1/—c052 + sin” y cos ny cos my dys (12)

and J, (rR) is the Bessel function of the first kind of order n. A similiar
system can be constructed for components F;(R) with parameters

2n 2
0 = / ”% €052y + sin® y sin my sinmy dy. (13)
0

Following Sneddon [8], we seek the solution of (11) in the
form

RR=R""? ZAMIMW (14)

Substituting (14) into the second Eq. (11) and making use of
Weber-Schnafheitlin integral [9] we note that the second equation
is satisfied automatically and the first equation can be transformed
into the system of linear equations with unknown coefficients A,

00

ZZC ’(l km BC (15)
0

m=0 k—

oy M+2k=n+2i
C — nm? 16
nmki {O, otherwise (16)
3 : ;
rC“_:2(11.:r21+2)1“(n’+1+1)/ o (P VTR
(=)"TA+nmI(i+3/2) Jo
x&(n+§ n+1,r2)dr, (17)

2 )
where §;(n+3,n+1,r?) is Jacobi Polynomial of degree k in 12, de-
fined by the hypergeometric function
‘{§i(n+%,n+1,r2):zFl(—k,k+n+3/2,n+l,r2). (18)

Using the same approach we can obtain a similiar system for
unknown A;,,

iZCmA =B, (19)

m=1 k

o0

—_

After solving (15) and (19) and using the inverse of transformation
(8) the crack opening displacement can be obtained as

mb = I'(n+ k + 1
w(r,0) = \/1 - Z I Z )
k=0 F
x T (n + ; n+1, r2> [A}, cosnd +Aim sinno] (20)

In order to obtain the limiting values of the crack opening dis-
placement, according to (2), we use the following asymptotic
expansion in the vicinity of r = 1

2
1_r2—2s2,\/m+0(52)~ 20

The SIF can be now obtained as

1/4
b’ - X &
K(p) = n\/E(E cos? ¢ + sin (p) SN )=

n=0 k=0

+ A}, sinne). (22)

Ay, COS NP

3. Comparison with existing solutions

To validate our solution we compare our results with analytical
expressions for SIF in five different cases of polynomial applied
stress obtained in [10,2-4].

1. Uniform applied pressure

o(x,y) =00 orog(r)=200 (23)
There is only one non-zero coefficient in (22)
B g 00
o~ VRE(K)
where E(k) denotes elliptic integral of the second kind with

k = Va2 -t

a
The stress intensity factor in such a case is

Ago = (24)
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