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a b s t r a c t

Based on the critical plane approach, the Shang–Wang fatigue damage parameter is analyzed. It is discov-
ered that the effect of the additional cyclic hardening on fatigue life cannot be reflected by the normal
strain excursion well. In order to solve this problem, this fatigue damage parameter is modified by using
the Huber–Mises criterion. The modified damage parameter combined maximum shear strain range with
normal strain range on the critical plane, and a new stress-correlated factor is introduced to account for
the additional cyclic hardening. It is demonstrated that the modified criterion gives satisfactory results
for all the six checked materials.

� 2010 Elsevier Ltd. All rights reserved.

1. Introduction

One of the main causes of failure in engineering components
and structures is fatigue failure. With the development of modern
industry, the members and components of engineering structure in
service are usually subjected to non-proportional cyclic loading
which lead to the changing of the principal stresses and strains
directions during a loading cycle, and this may results in additional
hardening of the materials. The additional hardening of the mate-
rials, which is caused by the rotation of the principle stress and
strain axes, is considered to have tighter relationship with the
reduction of fatigue life under non-proportional loading compared
with that under proportional loading [1–3]. The fatigue life of 304
stainless steel decreased 90%, while hardening increased 100% un-
der a circular loading path. For Inconel 718 alloy, the fatigue life
decreased 50%, while hardening increased 10% [3]. Similar results
were also obtained by both Itoh et al. [4] and Chen et al. [5]. There-
fore, the key problem in evaluating fatigue damage in these cir-
cumstances is the necessity of using multiaxial fatigue damage
criteria based on aspects of the loading history.

Reviews of available multiaxial fatigue life prediction methods
are presented by Fatemi and Socie [1], Varvani-Farahani [6], Lohr
and Ellison [7], Brown and Miller [8], Wang and Brown [9], Shang
and Wang [10], etc. Fatigue analysis using the concept of a critical
plane of maximum shear strain is very effective because the critical

plane concept is based on the physical observations that cracks ini-
tiate and grow on preferred planes. Because those models provide
a physical interpretation of the fatigue damage process and define
a critical plane on which fatigue cracks initiate and grow, critical
plane approaches have been generally accepted. However, the
non-proportional cyclic hardening factor should be considered in
fatigue life prediction under non-proportional loading.

In the present study, the drawback of the Shang–Wang (SW) fa-
tigue damage parameter is analyzed firstly, and then a modified
multiaxial fatigue damage parameter for various proportional
and non-proportional strain paths is developed. In the modified
damage parameter, a stress-correlated factor is introduced to take
into account the effect of the additional cyclic hardening caused by
non-proportional loading.

2. Multiaxial fatigue damage model

2.1. Characteristics of the strains on the critical plane

In Fig. 1 it is schematically drawn a thin-walled tubular speci-
men subjected to combined tension and torsion loadings. The
strain tensor for the thin-walled tubular specimen subjected to ax-
ial and torsional fatigue under strain-controlled loading conditions
is given as

Deij ¼
Dex 1=2Dcxy 0

1=2Dcxy �meff Dex 0
0 0 �meff Dex

2
64

3
75 ð1Þ

0142-1123/$ - see front matter � 2010 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijfatigue.2010.03.006

* Corresponding author. Tel.: +86 02982504552; fax: +86 02984786547.
E-mail address: lijing02010303@163.com (J. Li).

International Journal of Fatigue 32 (2010) 1675–1682

Contents lists available at ScienceDirect

International Journal of Fatigue

journal homepage: www.elsevier .com/locate / i j fa t igue

http://dx.doi.org/10.1016/j.ijfatigue.2010.03.006
mailto:lijing02010303@163.com
http://www.sciencedirect.com/science/journal/01421123
http://www.elsevier.com/locate/ijfatigue


If the applied strains are sinusoidal, the normal strain and the
shear strain on the maximum shear plane which makes an angle
ac with the thin-walled tubular specimen axis are given by Kanaz-
awa et al. [11]

cmaxðtÞ ¼
1
2

De
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k cos 2ac cos u� ð1þ meff Þ sin 2ac
� �2 þ k cos 2ac sin u½ �2

q
� sinðxt þ gÞ

ð2Þ

enðtÞ ¼
1
4

De
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ meff Þ cos2 ac � 2meff þ k sin 2ac cos u
� �2 þ ½k sin 2ac sin u�2

q
� sinðxt � nÞ

ð3Þ

where

tan n ¼ k sin 2ac sinu
ð1þ meff Þ cos 2ac þ ð1� meff Þ þ k sin 2ac cos u

ð4Þ

tan g ¼ �k cos 2ac sin u
k cos 2ac cos u� ð1þ meff Þ sin 2ac

ð5Þ

tan 4ac ¼
2kð1þ meff Þ cos u
ð1þ meff Þ2 � k2

ð6Þ

k ¼ Dc=De ð7Þ

In Eqs. (2)–(7), / is the phase shift between the tensional strain
and torsion strain. meff represents the Poisson’s ratio which is given
by

meff ¼
meDee þ mpDep

Dee þ Dep
ð8Þ

where me and mp are the elastic and plastic Poisson’s ratio, respec-
tively. The axial elastic strain range is calculated by using Hooke’s
law

Dee ¼
Dr
E

ð9Þ

The plastic strain range Dep is determined by the following
equation

Dep ¼ Dex �
Dr
E

ð10Þ

In Eqs. (9) and (10), Dr is the axial stress range.
The phase shift between en and cmax is (n + g), range between

�p/2 and p/2. From Eqs. (2) and (3), the Dcmax and Den can be ob-
tained as follows

Dcmax ¼De
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kcos2ac cosu�ð1þmeff Þsin2ac
� �2þ½kcos2ac sinu�2

q
ð11Þ

Den¼
1
2
De
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2ð1þmeff Þcos2ac�2meff þksin2ac cosu
� �2þ½ksin2ac sinu�2

q
ð12Þ

Ref. [12] has verified the applicability of the sinusoidal ap-
proach for the triangle wave loading. Therefore, for thin-walled
tubular specimen, the sinusoidal approach is used to calculate
the orientation of the critical plane and the damage parameter in
this paper.

2.2. The Shang and Wang multiaxial fatigue model

Critical plane models proposed by earlier workers such as
Fatemi and Socie [1], Lohr and Ellison [7], Brown and Miller [8],
were based on a physical interpretation of the fatigue process
whereby cracks were observed to form and grow on particular
planes, known as critical plane. One of the existing multiaxial fati-
gue models proposed by Shang and Wang [10] combines the max-
imum shear range Dcmax with the normal strain excursion e�n
between adjacent turning point as an equivalent strain by means
of Huber–Mises criterion, and giving the following damage param-
eter (SW parameter)

Decr
eq=2 ¼ e�2

n þ ðDcmax=2Þ2=3
h i1

2 ð13Þ

where the normal strain excursion e�n can be expressed by

e�n ¼
1
2

Den 1þ cosðnþ gÞ½ � ð14Þ

Shang and Wang considered that this damage parameter (Eq.
(13)) can be used as a unified fatigue damage criterion under both
proportional and non-proportional loading. However, in the
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E modulus of elasticity
Rp0.2 yield stress (0.2%)
Ru ultimate tensile strength
me elastic Poisson’s ratio
mp plastic Poisson’s ratio
meff effective Poisson’s ratio
r0f axial fatigue strength coefficient
b axial fatigue strength exponent
e0f axial fatigue ductility coefficient
c axial fatigue ductility exponent
K0 cyclic strength coefficient
n0 cyclic strain hardening exponent

2Nf number of reversals to crack initiation
NP predicted life
NT experimental life
e�n normal strain excursion
Dcmax maximum shear range
Den normal strain range on the critical plane
E mean error factor
De applied axial strain range
Dc applied shear strain range
k strain ratio, Dc/De
n number of test data
/ phase shift
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Fig. 1. Strain state of the tension–torsion specimen.
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