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a b s t r a c t

The present paper deals with the dynamical solution of a rectangular micropolar beam in high frequency
domain. Analogous to symplectic approach by W. Zhong, a new methodology is adopted to solve the
vibrational problem by using Hamiltonian principle with Legendre's transformation. This paper extends
the symplectic elasticity approach and dual variables to a different version that simplifies the solution
procedure.

& 2016 Elsevier Ltd. All rights reserved.

1. Introduction

In the analysis of beam theory, semi-inverse method, i.e. find-
ing a trial solution which can satisfy the corresponding boundary
conditions, is one of the common methods in most of the engi-
neering practices. Theory of beams and its development has been
well discussed by Timoshenko [1]. In this book, a large amount of
text are accessible consisting of the solutions of various elasticity
problems by using semi-inverse method. In elasticity such an
approach is very common because set of governing equations for
the elastic system are generally complex in nature.

Semi-inverse method does not lead to complete set of solution
for a problem. Trial solutions that are obtained are only applicable
to a very specific set of boundary conditions, for example, plates
with two opposite sides simply supported. Furthermore, conven-
tional method often generates higher order partial differential
equation with a single variable by eliminating other unknown
functions. As a result there is no scope to utilize the effective
methods in mathematical physics such as separation of variables
and expansion of eigen functions.

In 1990, for solving the basic problems in solid mechanics,
Zhong (see Ref. [2]) have applied symplectic approach which
created a new avenue to deal with problems in the theory of
beams, plates and shells. The symplectic technique is all about
constructing Hamiltonian formulation from the set of governing

equations, that means advancing from Lagrangian system to
Hamiltonian system and solutions of which are analyzed in sym-
plectic space. Theory of Hamiltonian system has been introduced
long in analytical dynamics. Later mathematicians have noticed
that the theory of Hamiltonian is a set of mathematically con-
structed system [3–5] in which the functions can be separated
from their physical meaning. This was turned to be the basic
motivation for applying Hamiltonian theory in various fields of
mathematics, especially in applied mechanics for theory of beams,
plates and shells. In recent times, many researches (see Ref. [6–8])
have been investigated on various approaches to find the exact
solution for various problems of beams and plates.

In problems of beams, boundary conditions are given at two
ends. In general, conditions given at two ends are combined by
constructing new set of algebraic equations. One of the ways of
obtaining this set of equations is by applying variational method
[9]. In this context we have followed the Hellinger- Reissner var-
iational principle with two kinds of variable.

Classical continuum model be unsuccessful to describe the
elastic behavior of the material at high strain-gradient and the
dynamic problems of high-frequency vibrations. The reason for
this lies in the micro-structure of the material, which is neglected
in classical theory. In order to reduce the difference between
theoretical results and experimental facts micropolar continuum
has been developed. The deformation of a micropolar continuum
is described by the position vector to model the translation as it is
done in classical model. In addition to that three orthonormal
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vectors, so called rigid directors are introduced, which model the
orientation changes of material particles. The development of
linear micropolar theory was done by Toupin [10,11], Mindlin and
Tiersten [12], Koiter [13], Pal’mov [14], Eringen [15], Iesan [16], etc.
For more details the books [17–19] may be found useful.

In this paper we have attempted to find a complete set of
solutions for the dynamic problems of high-frequency wave pro-
pagating through micropolar beam. We posed the problem in
Hamiltonian set-up as it is done in the problems of symplectic
elasticity. Here we adopted a new technique to solve Hamiltonian
canonical equations which is different from the methodologies
that are used in conventional symplectic approach and the tech-
nique can reduce the complexity of the problem in micropolar
domain. It has been shown that the solutions which are obtained
in the problem form an adjoint symplectic orthogonal set. In
symplectic elasticity it is discussed that there is a specific physical
meaning of symplectic orthogonality, which is equivalent to reci-
procal theorem of work [20]. This shows that our findings are
consistent with this theoretical result.

2. Basic equations

Based on the fundamental works of Eringen [18], in this section
we present some basic relations of the linear micropolar elasticity.

(a) Strain–displacement relation:

εkl ¼ ul;kþelkmϕm; γkl ¼ϕl;k where l; k;m¼ 1;2;3: ð1Þ

here the strain measures are represented by the strain–tensor εkl
and wryness tensor γkl in which u!; φ! denote the macro-
displacement and micro-rotation, respectively. ‘Comma’ in the
subscript denotes the differentiation with respect to space variable
andekmlis the permutation tensor.

(b) The field equations:

tkl;kþρðf l� €ulÞ ¼ 0 ; mkl;kþelmktmkþρðℓl� J €ϕlÞ ¼ 0 ð2Þ

where tkl is the stress–tensor and mklis the couple stress–tensor.
Hereρ denotes the density of the material. f l; ℓl and ll are the lth
components of body-force density and body-couple density
respectively. J is the microinertia and ‘dot’ denotes differentiation
with respect to time t.

(c) The constitutive equations:

tkl ¼ λεmmδklþðμþκÞεklþμεlk mkl ¼ αγmmδklþβγklþγγlk ð3Þ

where λ;μ are Lamé constants, κ;α;β; γ are four additional
micropolar material moduli and δkl is Kronecker delta function.

3. Formulation of the problem

Here we consider a rectangular micropolar beam having x-axis
is taken as the axis of the beam with respect to the rectangular
orthogonal xyz-coordinate system. The cross sectional area of the
beam is taken as A and it is occupies the region: y� ryr
yþ ; �hrzrh. The beam is vibrating at high frequency ω in a
way so that plane parallel to xz-plane is remained plane and
parallel. Here we also consider that h is considerably small relative
to other dimensions of the beam.

With an analogy of Timoshenko beam theory analysis, in this
paper we consider

u1 ¼ �zθðx; tÞ; u2 ¼ 0; u3 ¼wðx; tÞ ð4Þ

φ2 ¼ϕðx; tÞ; φ1 ¼φ3 ¼ 0: ð5Þ

With the above consideration, the strain measures can be taken
in the following form:

ε31 ¼ �θ�ϕ; ε13 ¼w0ðx; tÞþϕ; ε11 ¼ �zθ0ðx; tÞ ð6Þ
where prime represents partial differentiation with respect to x:

By using the Eq. (6), the related constitutive equations are given
by,

t13 ¼ ðμþκÞw0ðx; tÞ�μθþκϕ ð7Þ

t31 ¼ μw0ðx; tÞ�ðμþκÞθ�κϕ ð8Þ

m12 ¼ βϕ0ðx; tÞ: ð9Þ
Now multiplying the balance of equation of linear momentum

along x-axis by z and then integrate over the area of cross-section
Α we obtain,Z
A
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where t11 ¼ Eε11 in which E¼ 2μþκð Þ 3λþ2μþκð Þ
2λþ2μþκ is called the

Young’s modulus of the material. Idenotes the moment of inertia
of the cross sectional area Α of the beam about y-axis and m¼ �R
Af 1zdydz is the moment of body-force about y-axis.
Similarly integrating linear moment of momentum along z-axis

and moment of momentum along y-axis over the area of cross-
section where body couple density is ignored, we get other two
beam equations, respectively, as follows:

∂
∂x

Z
A
t13dydz

� �
þ
Z
A
f 3dydz�ρA €wðx; tÞ ¼ 0 ð11Þ

∂
∂x

Z
A
m12dydzþ

Z
A
t31�t13ð Þdydz�ρAJ €ϕðx; tÞ ¼ 0 ð12Þ

here we ignore body-couple density ℓ¼ 0:
Nowwe have considered the case where wave of high frequencyω

is propagating through the micropolar beam. Therefore we consider
the following form of solution:

ðw; θ; ϕÞ ¼ ðWðxÞ;ΘðxÞ;ΦðxÞÞexp iωtð Þ ð13Þ
where i¼

ffiffiffiffiffiffiffiffi
�1

p
:

Using (13) we obtain from Eqs. (10)–(12):

kAðμþκÞ d
2

dx2
þAρω2

" #
W�kAμ
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dx

þkκA
dΦ
dx

þ f ¼ 0 ð14Þ
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dW
dx

�kκAΦþm¼ 0 ð15Þ

βkA
d2

dx2
þAkρJω2�2Αkκ

" #
Φ�Akκ

dW
dx

�AkκΘ¼ 0 ð16Þ

where k is shear-correction and for the beam of rectangular cross-
section k� 1:2; m¼mexp½� iωt�,f ¼ exp½� iωt� RAf 3dydz� �

:
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