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a b s t r a c t

In this paper, the spectral collocation method based on integrated orthogonal polynomials is applied to
the free vibration analysis of coupled axisymmetric laminated shell structures with arbitrary elastic-
support boundary conditions (BCs). The coupled shell structure is firstly divided into its multiple
components (i.e. the cone, cylinder, sphere and annular plate) at the location of junction in the
meridional direction. Then by applying Hamilton's principle, the equations of motion for all the
individual shell segments are derived on the basis of the first-order shear deformation theory. Instead
of adopting conventional differentiation scheme, an integration technique is used to each individual
segment which leads to a set of algebraic equations. These shell segments are further coupled together
by matching all of the required displacement and force continuous conditions at the interface. The
remaining elastic-support boundary conditions are employed at the ends of the coupled shells. Accuracy
and efficiency of the proposed numerical method are explored through a series of free vibration analysis
of joined and stepped shell structures, and the results are compared with those available solutions in
open literature. Furthermore, the frequency parameters and mode shapes of selected coupled shell
structures including cylindrical–spherical, coupled conical and stepped shells are presented to reveal
their geometry- and BC-dependent free vibration characteristics.

& 2015 Elsevier Ltd. All rights reserved.

1. Introduction

Many structures in industrial applications are actually the
combinations of basic structural elements, such as beams, plates
and shells. Among these coupled structures, the coupled shells of
revolution are typical structural components and have widespread
practical applications in civil, mechanical, marine and aerospace
engineering. Since these shells are often under dynamic excita-
tions, the research on their mechanical behavior is of great
significance for providing optimal design and avoiding resonant
vibration responses. The vibration analysis of shell structures has
always been one of the most prominent challenges in the field of
solid mechanics for many years. According to the monographs by
Leissa [1], Reddy [2], Quta [3] and other literature survey articles
[4,5], most of the previous research efforts were restricted to the
vibrations of elementary shell configurations (e.g., cylinder, cone
and sphere) rather than coupled shells. Furthermore, it appears
that most of the early studies on the vibration of shells were
limited to the ones with classical boundary conditions, such as

simply-supported, free and clamped edges. However, the shells
with non-classical boundaries such as elastically constrained are
frequently encountered in real-world [6] and should be received
more attention. In addition, there has been a continuous increase
of the application of fiber-reinforced multi-layer composite mate-
rials in airplanes, ships and vehicles owing to their merits such as
lightweight, high strength and stiffness ratios, and corrosion
resistance. Hence, developing a unified and efficient numerical
method for a good understanding of the vibration behaviors of the
coupled laminated shells with arbitrary elastic-support boundary
conditions is crucial to the design of mechanical systems involving
these structures.

Depending upon the geometry of the shell, previous research
on the free vibrations of coupled shells can be generally categor-
ized into three main groups, namely coupled singly-curved
(cylindrical, conical and annular) shells, singly-curved and
doubly-curved (spherical, etc.) shell combinations and stepped
shells. In order to particularly focus on the features of the present
paper, a review of recent works related to the vibration problems
of coupled shell structures, including the coupled conical, coupled
cylindrical–spherical and stepped shells, is stated below briefly.

The vibration of cylindrical–conical shells was studied by Patel
et al. [7], Efraim and Eisenberger [8], Caresta and Kessissoglou [9],

Contents lists available at ScienceDirect

journal homepage: www.elsevier.com/locate/ijmecsci

International Journal of Mechanical Sciences

http://dx.doi.org/10.1016/j.ijmecsci.2015.04.018
0020-7403/& 2015 Elsevier Ltd. All rights reserved.

n Corresponding author. Tel: þ86 21 34205910.
E-mail address: huizheng@sjtu.edu.cn (H. Zheng).

International Journal of Mechanical Sciences 98 (2015) 132–143

www.sciencedirect.com/science/journal/00207403
www.elsevier.com/locate/ijmecsci
http://dx.doi.org/10.1016/j.ijmecsci.2015.04.018
http://dx.doi.org/10.1016/j.ijmecsci.2015.04.018
http://dx.doi.org/10.1016/j.ijmecsci.2015.04.018
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijmecsci.2015.04.018&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijmecsci.2015.04.018&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijmecsci.2015.04.018&domain=pdf
mailto:huizheng@sjtu.edu.cn
http://dx.doi.org/10.1016/j.ijmecsci.2015.04.018


Kang [10] and Ma et al. [11]. Vibration characteristic of cylindrical–
plate or conical–plate shell was investigated by many researchers
[12–14]. The studies concerning the vibration behavior of the coupled
cylindrical–spherical shell have also been performed, among them
the important papers of [15–18] are of particular interest. As for the
stepped shells, a few works on the free vibrations have been devoted
by Qu et al. [6,19], Xiang and Zhang [20], Hang et al. [21], and Duan
et al. [22]. Different shell theories have been applied to solve the
vibration problems of coupled shells, ranging from the classical thin
shell theory [9,11,12], the shear deformation theory [7,13] to 3-D
elasticity theory [10]. A large number of methods were also devel-
oped in this area, which include, but are not limited to, Ritz method,
transfer matrix method, dynamic stiffness matrix method, pseudos-
pectral method, variational method, state space method, discrete
singular convolution method, finite element method, etc. When
using these methods, it may not be possible to express the solution
of the corresponding equations of motion as a closed form. Instead,
the solution function is approximated by the higher-order function or
Fourier series (harmonic function). That is to say, smooth and
continuous basis functions are essential for numerically solving
partial differential equations.

Recently, a new spectral collocation method based on integration
scheme rather than conventional differentiation has been developed
rapidly because of its simplicity, versatility, and various basis functions
allowing the development of fast and accurate adaptive algorithms
[23–26]. The advantages of this integration scheme lie in: (1) it does
not require the basis function to be differentiable or continuous;
(2) various boundary conditions can be easily handled; (3) no special
integration technique such as Gauss integrals is needed; (4) the
integration involved is a smooth operation and thus is more numeri-
cally stable. An important aspect for successful application of this
integration scheme is how to choose the basis function. Chen and
Hsiao [23] proposed an integral method based on the Haar wavelet
series. Mai-Duy and Tanner [24] adopted the Chebyshev polynomials
for numerically solving two-dimensional biharmonic boundary-value
problems. Mai-Duy and Tran-Cong [25] used the thin plate splines for
numerical solution of differential equations. Ngo-cong at al. [26]
presented an integrated radial basis function method based on
multi-quadric (MQ) for free vibration analysis of laminated composite
plates. Then, these basis functions have been applied to a large
number of problems and achieved very fruitfully [27–33]. The process
of themethod employed in this paper for the numerical solution is the
representation of the highest derivatives appearing in the equations
instead of the solution function itself by the truncated basis function.
Then lower order derivatives and the function itself are obtained by
integration. The constants appearing from the integrating process are
determined by given boundary conditions. Also, the collocation algo-
rithm can be viewed as a very effective meshless technique.

In this study, the spectral collocation method is employed for the
modeling and vibration analysis of the coupled laminated shell
structures with arbitrary elastic-support boundary conditions, where
integrated orthogonal polynomials are applied with respect to the
meridional direction and Fourier series are selected for the circum-
ferential direction of each individual segment. The unknown con-
stants arising from the integrating process are determined by the
interface and boundary conditions of the coupled shells, and thus
the equations of motion as well as the continuous and boundary
condition equations are transformed into a set of algebraic equations.
Then natural frequency of the coupled laminated shells is obtained
by solving algebraic equations. Versatility and efficiency of the
numerical method are tested through a series of free vibration
analysis of coupled shell structures, and the results are compared
with those existing solutions in other publications. In addition, effects
of some geometrical and material parameters on the natural fre-
quency of coupled laminated shells are discussed and some selected
mode shapes are presented.

2. Theoretical formulations

2.1. The basis functions and their integrals

In order to demonstrate the utility and versatility of the
proposed numerical technique, three sets of polynomials/series
are applied to expand the highest derivatives of displacements and
rotations of each shell segment in the meridional direction, they
are respectively

(1) Chebyshev orthogonal polynomials of first kind (COPFK)

T0ðξÞ ¼ 1; TqðξÞ ¼ q
2

X½q=2�
ℓ ¼ 0

ð�1Þℓ2
q�2ℓðq�ℓ�1Þ!
ℓ!ðq�2ℓÞ! ξq�2ℓ;

q40: ð1:aÞ

(2) Chebyshev orthogonal polynomials of second kind (COPSK)

U0ðξÞ ¼ 1; UqðξÞ ¼
X½q=2�
ℓ ¼ 0

ð�1Þℓ ðq�ℓÞ!
ℓ!ðq�2ℓÞ!ð2ξÞ

q�2ℓ; q40

ð1:bÞ

(3) Legendre orthogonal polynomials of first kind (LOPFK)

P0ðξÞ ¼ 1; PqðξÞ ¼
X½q=2�
ℓ ¼ 0

ð�1Þℓ ð2q�2ℓÞ!
2qℓ!ðq�ℓÞ!ðq�2ℓÞ!ξ

q�2ℓ;

q40 ð1:cÞ

where �1rξr1 and [q/2] is the integer part of q/2. The
considered interval [�1,1] is discretized by the non-uniform
Chebyshev–Gauss–Lobatto points [30]; the coordinates of grid
points are denoted by ξl.

ξl ¼ � cos
ðl�1Þπ
N�1

� �
; l¼ 1;2;…;N ð2Þ

where N is the total number of sampling points used to discretize
the domain of interest. If we want to solve an nth order partial
differential equation (PDE), the following integrals are required:

pη;qðξÞ ¼
Z ξ

�1

Z ξ

�1
⋯
Z ξ

�1|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
η� times

hqðξÞdξη η¼ 1;2;…;n; q¼ 0;1;…;N�1:

ð3Þ

where hq represents the above three sets of polynomials/series.
The case η¼0 corresponds to the orthogonal polynomial function
itself. These integrals can be calculated analytically. In the case
q¼0, we havepη;qðξÞ ¼ ξη=η!; and in the case q40 we obtain the
integrals respectively as follows:

pη;qðξÞ ¼
q
2

X½q=2�
ℓ ¼ 0

ð�1Þℓ2
q�2ℓðq�ℓ�1Þ!
ℓ!ðq�2ℓþηÞ! ξq�2ℓþη ð4:aÞ

pη;qðξÞ ¼
X½q=2�
ℓ ¼ 0

ð�1Þℓ 2
q�2ℓðq�ℓÞ!

ℓ!ðq�2ℓþηÞ!ξ
q�2ℓþ η ð4:bÞ

pη;qðξÞ ¼
X½q=2�
ℓ ¼ 0

ð�1Þℓ ð2q�2ℓÞ!
2qℓ!ðq�ℓÞ!ðq�2ℓþηÞ!ξ

q�2ℓþ η ð4:cÞ

For solving boundary value problems, the values pη,q (�1) and
pη,q(1) should be calculated in order to satisfy boundary
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