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a b s t r a c t

In this paper, the identification of the time-dependent blood perfusion coefficient in the bioheat
equation is considered as an inverse heat source problem with nonlocal boundary and integral energy
over-determination conditions. The boundary element method (BEM) based on using the fundamental
solution for the heat equation is employed, together with either the second-order Tikhonov regulariza-
tion combined with finite differences, or with a smoothing spline regularization technique for
computing the first-order derivative of a noisy function. A couple of benchmark numerical examples
are presented to verify the accuracy and stability of the solution.

& 2014 Elsevier Ltd. All rights reserved.

1. Introduction

The bioheat equation establishes a mathematical connection
between the tissue temperature and the arterial blood perfusion
which are the dominant components in human physiology, see
Trucu et al. [17]. It involves a blood perfusion coefficient whose
determination is of much interest [15].

In this paper, we consider the determination of the unknown
time-dependent blood perfusion coefficient for the bioheat equation
under nonlocal boundary and integral conditions. We mention that
time-dependent coefficient identification problems with nonlocal
boundary and/or integral overdetermination conditions have recently
attracted revitalizing interest, e.g. the reconstruction of a time-
dependent diffusivity [10], a blood perfusion coefficient [8], or a heat
source [9,4]. A simple transformation is used to reduce the bioheat
equation to the classical heat equation. This inverse problem has
already been proved to be uniquely solvable in Kerimov and Ismailov
[11], but no numerical reconstruction has been attempted. Therefore,
the purpose of this study is to devise a numerical stable method for
obtaining the solution of the inverse problem.

2. Mathematical formulation

Let us consider the inverse problem consisting of finding the
time-dependent blood perfusion coefficient function P(t) and the

temperature of the tissue uðx; tÞ, i.e. the pair ðPðtÞ;uðx; tÞÞ, from
the class C½0; T � � ðC2;1ðDT Þ \ C1;0ðDT ÞÞ, where DT ¼ fðx; tÞj0oxo1;
0otrTg ¼ ð0;1Þ � ð0; T �, T40 is given, satisfying the one-
dimensional time-dependent bioheat equation [16]

utðx; tÞ ¼ uxxðx; tÞ�PðtÞuðx; tÞþ f ðx; tÞ; ðx; tÞADT ; ð1Þ
where f is a known heat source term, subject to the following
initial and boundary conditions:

uðx;0Þ ¼ φðxÞ; xA ½0;1�; ð2Þ

�uxð0; tÞ ¼ αuð0; tÞ; tA ½0; T �; ð3Þ

uð0; tÞ ¼ uð1; tÞ; tA ½0; T �; ð4Þ
Z 1

0
uðx; tÞ dx¼ EðtÞ; tA ½0; T �; ð5Þ

where the function φ is given and it denotes the initial tempera-
ture, α is a given constant heat transfer coefficient, and E
represents the mass or energy of the system. Note that the
nonlocal periodic boundary condition (4) is encountered in biolo-
gical applications [14], whilst the mass/energy specification (5)
models processes related to particle diffusion in turbulent plasma
[7], or heat conduction [1]. The physical constraint that the blood
perfusion P(t) is positive can also be imposed [12].

Note that the case α¼0 has been dealt with in [9]. Herein, we
consider the case αa0 whose unique solvability and local con-
tinuous dependence of the solution upon the data of the inverse
problem (1)–(5) have been established in [11]. Moreover, the
global continuous dependence of the solution upon the data can
also be established based on a Gron̈wall's-type inequality [6].
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Consider now the following transformation [2]:

vðx; tÞ ¼ rðtÞuðx; tÞ: ð6Þ
Then the inverse problem (1)–(5) becomes

vt ¼ vxxþrðtÞf ðx; tÞ; ðx; tÞADT ; ð7Þ

vðx;0Þ ¼ φðxÞ; xA ½0; t�; ð8Þ

vð0; tÞ ¼ vð1; tÞ; vxð0; tÞþαvð0; tÞ ¼ 0; tA ½0; T �; ð9Þ
with the transformed integral conditionZ 1

0
vðx; tÞ dx¼ EðtÞrðtÞ; tA ½0; T �: ð10Þ

We also have that rAC1½0; T �, rð0Þ ¼ 1, rðtÞ40, for tA ½0; T �. Solving
the inverse problem (7)–(10) for the solution pair ðrðtÞ; vðx; tÞÞ
yields afterwards the solution pair ðPðtÞ;uðx; tÞÞ for the inverse
problem (1)–(5) as given by

PðtÞ ¼ r0ðtÞ
rðtÞ and uðx; tÞ ¼ vðx; tÞ

rðtÞ ; ðx; tÞADT : ð11Þ

From Eq. (11) one can observe that the ill-posedness of the inverse
problem consists of the numerical differentiation of the noisy
function r(t) which would need regularization.

3. The boundary element method (BEM)

In this section, we apply the BEM to the one-dimensional
inverse problem (7)–(10), in order to approximate the solution
ðrðtÞ; vðx; tÞÞ which in turn, via (11), leads to the original solution
ðPðtÞ;uðx; tÞÞ of the inverse problem (1)–(5). Utilizing the BEM is
classical with the use of the fundamental solution for the heat
equation and Green's identities. The fundamental solution for the
heat equation (7) is given by

Gðx; t; y; τÞ ¼ Hðt�τÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4πðt�τÞ

p exp �ðx�yÞ2
4ðt�τÞ

 !
;

where H is the Heaviside step function. By applying this funda-
mental solution and Green's formula to the heat equation (7)
recast this as the boundary integral equation:

ηðxÞvðx; tÞ ¼
Z t

0
Gðx; t; ξ; τÞ ∂v

∂nðξÞ ðξ; τÞ�vðξ; τÞ ∂G
∂nðξÞ ðx; t; ξ; τÞ

� �
ξA f0;1g

dτ

þ
Z 1

0
Gðx; t; y;0Þvðy;0Þ dy

þ
Z 1

0

Z T

0
Gðx; t; y; τÞrðτÞf ðy; τÞ dτ dy; ðx; tÞA ½0;1� � ð0; T �;

ð12Þ
where ηð0Þ ¼ ηð1Þ ¼ 1

2 , ηðxÞ ¼ 1 for xA ð0;1Þ, and n is the outward
unit normal to the space boundary f0;1g. The boundaries f0g �
½0; T � and f1g � ½0; T � are divided into N small time-intervals
½tj�1; tj�; j¼ 1;N , with tj ¼ jT=N; j¼ 0;N , whilst the initial domain
½0;1� � f0g is divided into N0 small cells ½xk�1; xk�, k¼ 1;N0 with
xk ¼ k=N0; k¼ 0;N0 . Using a piecewise constant BEM we assume
that

vð0; tÞ ¼ vð0; ~t jÞ≕h0j; vð1; tÞ ¼ vð1; ~t jÞ≕h1j;
∂v
∂n

ð0; tÞ ¼ ∂v
∂n

ð0; ~t jÞ≕q0j;
∂v
∂n

ð1; tÞ ¼ ∂v
∂n

ð1; ~t jÞ≕q1j;

vðx;0Þ ¼ vð ~xk;0Þ ¼ φð ~xkÞ≕φk; for tAðtj�1; tj�; xA ½xk�1; xk�;
where ~t j ¼ ðtj�1þtjÞ=2 and ~xk ¼ ðxk�1þxkÞ=2, j¼ 1;N , k¼ 1;N0 . For
the source term, the functions f ðx; tÞ and r(t) are approximated to
be the piecewise constant functions:

f ðx; tÞ ¼ f ðx; ~t jÞ; rðtÞ ¼ rð~t jÞ≕rj for tAðtj�1; tj�:

Then the integral equation (12) can be approximated as

ηðxÞvðx; tÞ ¼ ∑
N

j ¼ 1
A0jðx; tÞq0jþA1jðx; tÞq1j�B0jðx; tÞh0j�B1jðx; tÞh1j
h i

þ ∑
N0

k ¼ 1
Ckðx; tÞφkþ ∑

N

j ¼ 1
Djðx; tÞrj; ðx; tÞA ½0;1� � ð0; T �;

ð13Þ
where the coefficients and the double integral source term are
given by

Aξjðx; tÞ ¼
Z tj

tj� 1

Gðx; t; ξ; τÞ dτ;

Bξjðx; tÞ ¼
Z tj

tj� 1

∂G
∂nðξÞ ðx; t; ξ; τÞ dτ; ξ¼ 0;1f g; ð14Þ

Ckðx; tÞ ¼
Z xk

xk� 1

Gðx; t; y;0Þ dy; Djðx; tÞ ¼
Z 1

0
f ðy; ~t jÞAyjðx; tÞ dy: ð15Þ

Note that the first three integrals in (14) and (15) can be evaluated
analytically [3], whereas the integral source term Djðx; tÞ is
approximated by Simpson's rule of integration. Applying Eq. (13)
at the boundary nodes ð0; ~t iÞ and ð1; ~t iÞ for i¼ 1;N yields the
system of 2N linear equations

Aq�BhþCφþDr ¼ 0; ð16Þ

where

A¼
A0jð0; ~t iÞ A1jð0; ~t iÞ
A0jð1; ~t iÞ A1jð1; ~t iÞ

" #
2N�2N

;

B¼
B0jð0; ~t iÞþ1

2 δij B1jð0; ~t iÞ
B0jð1; ~t iÞ B1jð1; ~t iÞþ1

2 δij

" #
2N�2N

;

C ¼ Ckð0; ~t iÞ
Ckð1; ~t iÞ

" #
2N�N0

; D¼
Djð0; ~t iÞ
Djð1; ~t iÞ

" #
2N�N

;

q ¼
q0j
q1j

" #
2N

; h ¼
h0j
h1j

" #
2N

;

φ ¼ ½φk�N0
, r ¼ ½rj�N , and δij is the Kronecker delta symbol. We can

also collocate (9) and (10) as

h0j ¼ h1j; q0j ¼ αh0j; j¼ 1;N ; ð17Þ

eiri ¼
1
N0

∑
N0

k ¼ 1
vð ~xk; ~t iÞ; i¼ 1;N ; ð18Þ

where ei≔Eð~t iÞ. Using (13) and (18) yields

1
N0

∑
N0

k ¼ 1
½AI

kq�BI
khþCI

kφþDI
kr � ¼Wr ; ð19Þ

where

AI
k ¼ ½A0jð ~xk; ~t iÞ A1jð ~xk; ~t iÞ�N�2N ; BI

k ¼ ½B0jð ~xk; ~t iÞ B1jð ~xk; ~t iÞ�N�2N ;

CI
k ¼ ½Ckð ~xk; ~t iÞ�N�N0

; DI
k ¼ ½Djð ~xk; ~t iÞ�N�N ; W ¼ diagðe1;…; eNÞ:

Eliminating q and h from (16), (17) and (19) yields a linear system
of N equations

Xr ¼ y; ð20Þ

with N unknowns, where

X ¼ 1
N0

∑
N0

k ¼ 1
� AI

k�
1
α
ðBI

kþBI
knÞ

� �
A�1

α
ðBþBnÞ

� ��1

DþDI
k

" #
�W ;

y ¼ 1
N0

∑
N0

k ¼ 1
AI
k�

1
α
ðBI

kþBI
knÞ

� �
A�1

α
ðBþBnÞ

� ��1

C�CI
k

" #
φ;
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