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a b s t r a c t

Based on the critical plane approach, a new damage parameter for multiaxial fatigue damage is pre-
sented. Both components of strain and stress are considered in this parameter. Thus, a new multiaxial
fatigue damage model is given based on the critical plane approach. The capability of fatigue life predic-
tion for the proposed fatigue damage model is checked against the experimental data of Hot-rolled 45
Steel, S460N Steel, 1045HR Steel, 30CrMnSiNi2A alloy steel, and GH4169 alloy at elevated temperature,
and the predicted results are compared with results from common multiaxial fatigue model. It is demon-
strated that the proposed criterion gives better satisfactory results for all the five checked materials.

� 2008 Elsevier Ltd. All rights reserved.

1. Introduction

The members and components of engineering structure in ser-
vice are usually subjected to non-proportional cyclic loading which
lead to changing of the principal stresses and strains directions
during a cycle of loading. The additional hardening of material,
which is caused by the rotation of the principle stress and strain
axes, is considered to have tight relationship to the reduction of fa-
tigue life under non-proportional loading compared with that un-
der proportional loading [1–5]. The key problem in evaluating
fatigue damage in these circumstances is the necessity of using
multiaxial fatigue damage criteria which are based on aspects of
the loading history. In low cycle fatigue, according to the parame-
ters used in the fatigue criteria, the prediction methods can be clas-
sified into three categories, namely the equivalent strain approach,
energy approach and the critical plane method. Reviews of avail-
able multiaxial fatigue life prediction methods are presented by
Glinka et al. [6], Mcdiarmid [7], Brown and Miller [8], You and
Lee [9], Shang and Wang [10], Shang and Sun et al. [11]. Fatigue
analysis using the concept of a critical plane of maximum shear
strain is very effective because the critical plane concept is based
on the physical observations that cracks initiate and grow on pre-
ferred planes.

In the present study, a multiaxial fatigue parameter based on
the critical plane concept is proposed, which does not include
any material constant. A new multiaxial fatigue model is given to

predict multiaxial fatigue life under both proportional loading
and non-proportional loading on the basis of this parameter as
well.

2. Strain analysis under the combination of tension and torsion
loadings

Fig. 1 illustrated a thin-walled tubular specimen subjected to
combined tension and torsion loadings. The strain tensor for the
thin-walled tubular specimen subjected to axial and torsional fati-
gue under strain-controlled loading conditions is given by Eq. (1)
as

Deij ¼
Dex 1=2Dcxy 0

1=2Dcxy �meffDex 0
0 0 �meffDex

2
64

3
75 ð1Þ

If the applied strains are sinusoidal, i.e.

Dex ¼
De
2

sin xt ð2Þ

Dcxy ¼
Dc
2

sinðxt � uÞ ð3Þ

where u is the phase angle between the tensional strain and torsion
strain. De and Dc are the applied tensional and torsion strain range,
respectively. In Eq. (1) meff is the effective Poisson’s ratio which is gi-
ven by

meff ¼
meDee þ mpDep

Dee þ Dep
ð4Þ
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where me and mp are the elastic and plastic Poisson’s ratio, respec-
tively. The axial elastic strain range is calculated using Hooke’s law

Dee ¼
Dr
E

ð5Þ

The plastic strain range Dep is determined by the Ramberg–Os-
good relation

Dep ¼ Dex �
Dr
E

ð6Þ

In Eqs. (5) and (6), Dr is the range of the axial stress. E is mod-
ulus of elasticity.

Then the normal strain and the shear strain on the maximum
shear plane which make an angle a with the thin-walled tubular
specimen axis are given by Kanazawa, Brown and Miller [12]

where

tan n ¼ k sin 2a sin u
ð1þ meff Þ cos 2aþ ð1� meff Þ þ k sin 2a cos u

ð9Þ

tan g ¼ �k cos 2a sin u
k cos 2a cos u� ð1þ meff Þ sin 2a

ð10Þ

tan 4a ¼ 2kð1þ meff Þ cos u

ð1þ meffÞ2 � k2
ð11Þ

k ¼ Dc=De ð12Þ

The phase angle between en and cmax is (n + g), range between
�p/2 and p/2. From Eqs. (7) and (8), the Dcmax and Den can be ob-
tained as follows:

Dcmax ¼ De
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½k cos 2a cos u� ð1þ meffÞ sin 2a�2 þ ½k cos 2a sin u�2

q
ð13Þ

Den ¼
1
2

De

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½2ð1þ meff Þ cos2 a� 2meff þ k sin 2a cos u�2 þ ½k sin 2a sin u�2

q
ð14Þ

Under the triangle wave loading, Ref. [13] has verified the appli-
cability of the sinusoidal approach for the triangle wave loading.
Therefore, it is used to calculate the orientation of the critical plane
and the damage parameter in this paper.

3. Multiaxial fatigue damage model

3.1. Proposed parameter and analysis

Critical plane models have been proposed by several research-
ers. Most of the proposed criteria are given in the form of expres-
sions involving a combination of the stress [7] and strain [14,15]
components associated with the critical plane. In general, the
strain criterion can be given in the form of the critical plane involv-

ing shear and normal strain components, as proposed by Kandile,
Brown and Miller (KBM) [15].

Dcmax

2
þ SDen ¼ C ð15Þ

where Dcmax is the maximum shear strain range, Den is the normal
strain range acting on the Dcmax plane and S is a material constant.

Take 1045HR Steel for example, the relationship between the
phase delay and the maximum shear range Dcmax, the normal
strain range Den acting on the maximum shear plane and the nor-
mal stress range Drn which is determined by the Ramberg–Osgood
relation are illustrated in Fig. 2a and b, respectively. From Fig. 2a
and b, it can be observed that under the same equivalent strain
loading, Den and Drn acting on the maximum shear plane become
larger when the phase delay between axial and torsional loading
increases. The experimental fatigue lives presented in Refs
[1,11,13,16,17] are usually reduced when the phase angle differ-
ence increases. Therefore, it is rational to use the Den acting on
the maximum shear plane and Drn which is determined by the
Ramberg–Osgood relation as the fatigue damage parameters under
the multiaxial loading, because they reflect the fact that the fatigue
lives are reduced when the phase delay between axial and tor-
sional loading increases.

Based on the critical plane concept, a new multiaxial fatigue
damage parameter (LZH), including the stress and strain compo-
nents acting on the critical plane, is proposed. The maximum shear
strain plane is taken as the critical plane.

Dcmax

2
þ 1þ Drn

2r0:2

� �
Den ¼ f ðNfÞ ð16Þ

Nomenclature

E Young’s modulus
r0.2 yield strength (0.2%)
rb ultimate tensile strength
meff, me effective and elastic Poisson’s ratio, respectively
Drn normal stress range which is determined by the Ram-

berg–Osgood relation
b, c fatigue strength and ductility exponents
r0f ; e

0
f fatigue strength and ductility coefficients

K
0
, n

0
cyclic strength coefficient and strain hardening expo-
nent

Den normal strain range on the critical plane
Dcmax maximum shear strain range
Nf fatigue life
De applied axial strain range
Dc applied shear strain range
k strain ratio, Dc/De
u phase angle difference

cmaxðtÞ ¼
1
2

De
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½k cos 2a cos u� ð1þ meff Þ sin 2a�2 þ ½k cos 2a sin u�2

q
sinðxt þ gÞ ð7Þ

enðtÞ ¼
1
4

De
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½2ð1þ meff Þ cos2 a� 2meff þ k sin 2a cos u�2 þ ½k sin 2a sin u�2

q
sinðxt � nÞ ð8Þ

a

a

Fig. 1. Strain state of the tension–torsion specimen.
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