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a b s t r a c t

The present analytic investigations emphasizes on the effect of stacking sequence, ply groups, loading
angles, materials and corner radii on the failure strength and moment distribution in symmetric
laminated composite plate weakened by a square hole. The generalized close form solution of bending
moment around such cut-out is presented by using the Muskhelishvili's complex variable formulation.
The layer wise stresses and failure strengths are studied and the failure strengths of laminates are
investigated.

& 2015 Elsevier Ltd. All rights reserved.

1. Introduction

The multilayered plates are being essentially used in industries
ranging from space vehicles, aircrafts, biomedical to transporta-
tions, house buildings and electronics packaging due to their
superiorities like, high strength and light weight. Generally, ho-
les/cut-outs are built into these plates, result into strength degra-
dation. In order to exploit their advantages, the appropriate
mathematical tools that deal with their peculiar anisotropic
behavior especially when weakened with cutouts, are imperative.

By using various mathematical models, extensive studies have
been made on structural analysis of these plates globally and find
applications. Goodier [1] and Reissner [2] have studied the
moment distribution around circular hole in thin isotropic plate
subjected to bending loading. In case of thick isotropic plates,
Naghdi [3], and Chen and Archer [4] have presented the solution of
stress concentration around circular hole due to bending.

Among all mathematical models, complex variable method [5] is
one of the efficient tool to study these plates containing simply or
multiply connected domains. By using Muskhelishvili's complex
variable approach [5], the problem of stress concentration around
various shaped holes for isotropic infinite media subjected to in-plane
loading was solved by many researchers like Savin [6] (circular,
elliptical, square, and rectangular cut-outs), Lekhnitskii [7] (circular
and elliptical cut-outs), Theocaris and Petrou [8] (triangular cut-out),

Ukadgaonker and Awasare [9–12] (circular, elliptical, triangular, and
rectangular), Rezaeepazhand and Jafari [13] (polygonal cut-out),
Batista [14] (polygonal cut-out) and Sharma [15] (polygonal cut-out),
etc. The stress distribution is also obtained around circular [7,16],
elliptical [16–19], triangular [20–22], square and rectangular [23], and
irregular cut-outs [24–26] in composite media subjected to in-plane
loading.

The problems of moment distribution around different shaped
discontinuities have also been studied. Savin [6] has obtained
moment distribution around circular, elliptical, triangular and square
hole in infinite isotropic media. Ukadgaonker and Rao [27] have
given the general solution for the bending of symmetric laminates
based on the formulation of Savin [6] and Lekhnitskii [7].

For the structural analysis of plates, the study of loading
conditions, geometry of cuts-outs, material properties is indis-
pensable as the behavior of these plates strongly depend on them
[27–29]. The effects of these parameters have been studied around
circular [27], polygonal [28], elliptical and triangular hole [29] in
isotropic [28] and anisotropic plates [27,29] by using a complex
variable method [5]. Hsieh and Hwu [30] used Stroh-like formula-
tion for the solution of bending in the anisotropic case. The
solutions of moment distribution around circular, elliptical hole
and inclusion were given.

To the best of author's knowledge, only few research articles
have reported the moment distribution around regular/irregular
holes for anisotropic media. Ukadgaonker and Rao [27], and
Sharma and Patel [29] have investigated the effect of stacking
sequence on moment distribution around circular [27], elliptical
and triangular hole [29] in symmetric laminated plate. The effects
of various parameters such as stacking sequence, loading angles,
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ply groups, materials and corner radii on the moment distribution
and failure strength in case of laminated plates weakened by a
square hole are not investigated. In addition to these, the failure
strength of composite plate containing a cut-out, under bending
loading is also not addressed.

In this study, the values of moments and failure strengths of
symmetric laminated plates containing a square hole subjected to
bending loading are investigated. The mathematical model of first
ply failure theory is used to calculate failure strength of laminate
under bending loading. The stresses and Tsai–Hill strengths are
described for each layer of laminate. The influence of various
parameters such as stacking sequences, ply groups, corner radii,
materials and loading angles is investigated.

2. Complex variable formulations

The thin laminated infinite plate of thickness h, made up of N
no. of layers, subjected to bending loading, is considered (refer
Fig. 1). Each layer is considered to be orthotropic with uniform
thickness and perfectly bonded together.

By considering (x, y) as off-axis and (1, 2) as a principal material
axis, the transformation equations for kth layer is employed as:
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where Qij i; j¼ x; y; sð Þ are the stiffness coefficients referred to off-
axis ðx�yÞ of kth ply, derived from the Young moduli, Ei i¼ 1;2ð Þ,
the Poisson ratios, νij i; j¼ 1;2ð Þ; the shear moduli, Gij i; j¼ 1;2ð Þ,
c¼ cos α and s¼ sin α, α is fiber orientation of kth ply.

For the plate subjected to bending, stresses ðσx;σy; τxyÞ in x and
y direction can be expressed in-terms of deflection w x; yð Þ (deflec-
tion of the mid-plane in the direction of z-axis) as follows:
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where z¼ distance from top plane of a lamina to the mid plane of
the laminate and w;ij i; j¼ x; yð Þ are the curvatures ðκ1; κ2; κ3Þ of
laminate.

The moments in x and y directions, Mx;My and Mxy (per unit
length of the mid plane) can be obtained by taking:
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where t¼thickness of laminate and Fijði; j¼ x; y; sÞ are known as
flexural stiffness.

Using Eq. (3) and equilibrium equation, the following 4th order
characteristic equation can be obtained [8]:

Fxxw;xxxxþ4Fxsw;xxxyþ2 Fxyþ2Fss
� �

w;xxxyþ4Fysw;xyyyþFyyw;yyyy ¼ 0:

ð4Þ
The roots of Eq. (4) are

μ1 ¼ϒ 1þ iΘ1;μ2 ¼ϒ 2þ iΘ2;

μ3 ¼ μ1 ;μ4 ¼ μ2 : ð5Þ
By taking the general equation of deflection in terms of

arbitrary and analytic functions, F1(ϖ1) and F2(ϖ3) as

w x; yð Þ ¼ 2ℜ F1ðϖ1ÞþF2ðϖ2Þ½ �; ð6Þ
where ϖj ¼ xþμjy; ðj¼ 1;2Þ. The values of ϖjðj¼ 1;2Þ can be
obtained by transforming the area external to given hole in ϖ-
plane to unit circle ζ-plane by generalized transformation function
given below:
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where l¼number of terms, ζ ¼ eiθ ,

Cn ¼
� ∏

n

p ¼ 1
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Aj ¼ 1þ iμj and Bj ¼ 1� iμj. The corner radius (r) of the square hole
can be related to number of terms (l) by r¼ 0:1; ðl¼ 1Þ; r¼
0:0417; ðl¼ 2Þ; r¼ 0:0240; ðl¼ 3Þ; r¼ 0:0161; ðl¼ 4Þ and r¼
0:0117; ðl¼ 5Þ.

Now, moments can be calculated by putting the values from
Eq. (6) into Eq. (3):
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where Φðϖ1Þ ¼ ðdF1=dϖ1Þ;Ψ ðϖ2Þ ¼ ðdF2=dϖ2Þ:
Here, Φðϖ1Þ and Ψ ðϖ2Þ are the stress functions calculated by

using method of superposition [5]:

Φðϖ1Þ ¼Φ1ðϖ1ÞþΦ2ðϖ1Þ;
Ψ ðϖ2Þ ¼Ψ 1ðϖ2ÞþΨ 2ðϖ2Þ: ð9Þ

The stress functions Φ1ðϖ1Þ and Ψ 1ðϖ2Þ can be expressed as
follows:

Φ1ðϖ1Þ ¼Γϖ1;

Ψ 1ðϖ2Þ ¼Γnϖ2; ð10Þ
where Γ ¼ Bþ iC and Γn ¼ Bnþ iCn. Here, the rotation is restricted
so, CQ0. Now, the constants, Γ and Γn can be calculated by using
following equations:
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Fig. 1. Plate with square hole.
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