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a b s t r a c t

In this paper we investigate structure of the solutions for the MHD flow and heat transfer of an
electrically conducting, viscoelastic fluid past a stretching vertical surface in a porous medium, by taking
into account the diffusion thermo (Dufour) and thermal-diffusion (Soret) effects. It is shown that the
porosity, magnetic, convection and concentration buoyancy effects can be combined within a new
parameter called here as a porous magneto-convection concentration parameter. Heat transfer and
concentration analysis are also carried out for a boundary process. The physical parameters influencing
the flow field are viscoelasticity, porous magneto-convection concentration and suction/injection, and
those affecting the temperature field are Prandtl and Dufour numbers, and further affecting the
concentration field are Prandtl, Lewis and Dufour numbers. Such parameters greatly alter the behavior
of solutions from unique to multiple and determine the boundaries of existence or nonexistence of
solutions. The features of the skin friction coefficient, Nusselt number and Sherwood number are also
easy to gain from the derived equations.

& 2013 Elsevier Ltd. All rights reserved.

1. Introduction

Transport processes have been the main motivation in the
recent research for the transport of heat through a porous
medium. A great deal of fields feeds this interest in the transport
through porous media, see for example Hayat et al. [1] for the
updated industrial applications. The effects due to Soret and
Dufour were detected to considerably influence the flow problem
at hand, see Refs. [2,3] and also refer to the recent books of Bejan
et al. [4], Ingham and Pop [5], Nield and Bejan [6] and Vadasz [7].

We mention here several latest publications on MHD mixed
convection heat transfer and fluid flow over a stretching vertical
surface in a porous medium filled with a Non-Newtonian fluid,
among them are by Sahoo and Do [8] and Kumaran and Tamizhar-
asi [9]. The works by Turkyilmazoglu [10–12] investigate the
multiplicity of the solutions over both stretching and shrinking
surfaces. Some more features are also presented by Turkyilmazo-
glu [13,14].

All of the above investigations, except perhaps [1,2], are,
however, confined to forced convection flow of viscoelastic fluids,
i.e. without considering the buoyancy and concentration effects.
The purpose of this paper is, therefore, unlike the approximate
analytical or numerical works of [1,2], to analytically investigate
the steady MHD mixed convection over a stretched sheet when

Soret and Dufour's effects are active in the fluid. It was found that
for the existence of exact analytical solutions, Soret and Dufour's
effects are governed by a relation connected to the Prandtl
number. The flow, temperature and concentration fields together
with the skin friction coefficient, Nusselt number and Sherwood
number are easy to understand from the extracted exact analytical
formulae. Multiple solutions are presented in closed-form formu-
lae for the second grade and Walters' liquid B fluids of visco-
elastic type.

The arrangement of the paper is done in the subsequent
manner. The problem is stated in Section 2. Section 3 contains
the closed-form solution of flow, temperature and concentration
fields. Section 4 mentions the findings and discussions. Conclu-
sions are finally outlined in Section 5.

2. Formulation of the problem

We consider the steady two-dimensional boundary layer flow
due to the stretching of a heated or cooled vertical surface, see
Fig. 1 for the configuration, of variable temperature Tw(x) and
concentration Cw(x) in a permeable and electrically conducting
viscoelastic fluid. A uniform magnetic field of strength B0 is further
imposed along the y-axis, which produces a magnetic effect in the
x-direction. The sheet is assumed to be stretched with the velocity
uw(x). Omitting heat generation and viscous dissipation, the
governing equations are given by, see Hayat et al. [1], Tsai and
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Huang [2] and Mushtaq et al. [3],

uxþvy ¼ 0;
uuxþvuy ¼ νuyy�k0ððuuyyÞxþuyvyyþvuyyyÞ

�sB2
0u�

ν
γ1

uþg½βT ðT�T1ÞþβCðC�C1Þ�; ð2:1Þ

uTxþvTy ¼ αTyyþ DekT
CsCp

Cyy;

uCxþvCy ¼DeTyyþ
DekT
Tm

Tyy ð2:2Þ

supplemented with the boundary conditions

u¼ uwðxÞ ¼ ax; v¼ vw; T ¼ TwðxÞ ¼ T1þbx;
C ¼ CwðxÞ ¼ C1þcx at y¼ 0;
u-0; uy-0; T-T1; C-C1 as y-1; ð2:3Þ
u and v are the velocity components, vw is the mass flux velocity
with vwo0 for suction and vw40 for injection respectively.
Moreover, the fluid temperature is T, the concentration is C, the
acceleration due to gravity is g, the thermal diffusivity is α, the
coefficient of thermal expansion is βT , the coefficient of concen-
tration is βC , the modulus of the viscoelastic fluid is k0. Moreover, ν
is the kinematic viscosity and s is the electrical conductivity. The
induced magnetic field is neglected. Further að40Þ, b and c are
constants.

3. Solution of the flow field

Introducing the similarity transformations and dimensionless
variables η, f ðηÞ, θðηÞ and ϕðηÞ

η¼ y

ffiffiffi
a
ν

r
; u¼ axf ′ðηÞ; v¼ � ffiffiffiffiffiffi

aν
p

f ðηÞ; θ¼ T�T1
Tw�T1

;

C ¼ C�C1
Cw�C1

; ð3:4Þ

greatly facilitates the subsequent analysis. As a result, the wall
mass transfer velocity becomes uw ¼ � ffiffiffiffiffiffi

aν
p

s, and the full equa-
tions reduce into the following form:

f‴þ ff ″� f ′2þkðff ð4Þ �2f ′f‴þ f ″2Þ�Mf ′�γf ′þΛðθþNϕÞ ¼ 0;

ptθ″þPrðfθ′� f ′θþDfϕ″Þ ¼ 0;

θ″þLe½Prðfϕ′� f ′ϕÞþSrθ″� ¼ 0; ð3:5Þ
accompanied by the reduced boundary conditions

f ð0Þ ¼ s; f ′ð0Þ ¼ 1; θð0Þ ¼ 1; ϕð0Þ ¼ 1
f ′ð1Þ ¼ 0; f ″ð1Þ ¼ 0; θð1Þ ¼ 0; ϕð1Þ ¼ 0; ð3:6Þ
here Pr¼ ν=α and Le¼ α=De are respectively the Prandtl and Lewis
numbers, k¼ k0a=ν is the viscoelastic parameter, s is the wall mass
transfer parameter showing the strength of the mass transfer at
the sheet M ¼ sB2=aρ is the magnetic interaction parameter. The
concentration buoyancy parameter N, the porosity parameter
γ ¼ ν=aγ1, the Dufour number Df and the Soret number Sr are
respectively defined as

N¼ βC

βT

Cw�C1
Tw�T1

; Df ¼
DekT
CsCpν

Cw�C1
Tw�T1

; Sr¼ DekT
Tmα

Tw�T1
Cw�C1

:

Additionally, Λ¼ dGrx=Re
2
x is the constant mixed convection para-

meter with Grx ¼ ðgβT ðTw�T1Þx3Þ=ν2 being the local Grashof
number and Rex ¼ uwðxÞx=ν is the local Reynolds number. It should
be noticed that owing to the presumed form of wall conditions for
the variables, as seen from Eq. (2.3), it is clear that N, Df and ST are
no longer functions of x. Moreover, Λ is not a function of x either,
after the definition of local Grashof and Reynolds numbers in the
paper, which is simplified as Λ¼ dgβT , where d¼b/a.

We remind that Λ¼ 0 shows forced convection flow, whereas
Λ40 means assisting flow and Λo0 indicates cooled plate
respectively. It is also noted that ko0 is for a second grade fluid
and k40 indicates Walter's liquid B [15] also termed as second
order fluid. A remark should also be made that N can take positive
and negative values or N¼0 (mass transfer is absent).

The existence of analytical solution for the current physical
problem when convection, viscoelasticity and concentration are
absent, is evident after Pop and Na [16], and the solution reads

f ðηÞ ¼ sþ 1�e�βη

β
; ð3:7Þ

with β¼ 1
2 ðsþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ4Mþs2

p
Þ. Therefore, in the presence of convec-

tion, porosity, viscoelasticity, magnetic interaction, concentration
and wall suction parameters, we adopt the form of physical
solution (3.7), and hence write

f ðηÞ ¼ sþ 1�e�λη

λ
;

θðηÞ ¼ f ′ðηÞ ¼ e�λη;

ϕðηÞ ¼ θðηÞ ¼ e�λη ð3:8Þ
that enables us to unify the parameters γ, M, Λ and N appearing in
Eq. (3.5) under a newly defined parameter Γ ¼ �γ�MþΛð1þNÞ,
which is hereafter named as the porous magneto-convection
concentration parameter. Consequently, the energy equation and
concentration equations in (3.5) produce the relations

λ2þPrð�1�sλþDf λ
2Þ ¼ 0;

λ2�LeðPrþPr sλ�Sr λ2Þ ¼ 0; ð3:9Þ
and further placing (3.8) into first of (3.5) gives the third equation

�1þΓþλ2ð1�kÞ�sλð1þkλ2Þ ¼ 0: ð3:10Þ
Eqs. (3.9) and (3.10) can be rearranged as

Γ Prþλ2ð�1þPr�kλ2Þ ¼ 0; ð3:11Þ
with the Prandtl number Pr given by

Pr¼ 1þLeð�1þSrÞ
Df Le

: ð3:12Þ

It is worth to note here that Eq. (3.12) inserts a restriction on the
Prandtl number, which is always positive. In another view, for a

Fig. 1. The geometry of physical flow.
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