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a b s t r a c t

In this paper, the problem of generalized thermoelasticity with one relaxation time for an infinite
annular cylinder of temperature dependent physical properties is discussed. Both the inner and outer
curved surfaces of the cylinder are considered stress free. The inner surface is subjected to decaying with
time and temperature whereas the outer surface is maintained at a reference temperature. A finite
element model is developed to derive the solution of the coupled non-linear partial differential
governing equations. The transient solution can be evaluated directly from the model at any time.
The numerical solution of displacement, temperature, and stresses is obtained inside the annulus for
different forms of the temperature-dependent and temperature-independent material properties of the
medium. The effect of temperature-dependent parameter and the relaxation time is investigated by
different graphical plots.

& 2014 Elsevier Ltd. All rights reserved.

1. Introduction

During last few decades considerable attention has been made
for the theory of thermoelasticity in various fields of science,
especially in engineering, biology, geophysics, plasma-physics,
acoustics, etc. The theory of uncoupled thermoelasticity suffers
from physical drawbacks that mechanical state of elastic body has
no effect on the temperature and also the thermal signal propa-
gates with infinite speed. It is found with true physical experi-
ments that this theory contains two shortcomings which are not
physically admissible. Based on the thermodynamic principles of
irreversible processes, Biot [1] has introduced the theory of
classical thermoelasticity. In this theory, the equation of motion
is hyperbolic in nature, whereas the heat conduction equation is
parabolic in nature. The theory predicts a finite speed for pre-
dominantly elastic disturbances but an infinite speed for predo-
minantly thermal disturbances, which are coupled together. So,
this theory removes the first drawback but shares the second
defect of the uncoupled theory due to the presence of parabolic
type heat conduction equation. Subsequently, efforts to eliminate
this drawback have led to the generalized thermoelasticity the-
ories in which the heat conduction equation is of hyperbolic type.

Lord and Shulman [2] have developed a theory of generalized
thermoelasticity with one relaxation time by introducing the time
derivative of the heat flux vector and a new constant acting as a
relaxation time in classical Fourier law. The heat conduction
equation of this theory is of wave type, ensuring finite speed of
propagation of both the thermal wave and elastic wave and thus
removes the second drawback of the uncoupled theory. This proce-
dure is called the first generalization to the coupled theory of elasticity
for isotropic homogeneous media. The corresponding theory is
obtained by Dhaliwal and Sherief [3] by including the effect of
anisotropic behavior and the presence of heat source. Due to complex-
ity of the governing equations and mathematical difficulties associated
with their solution, several simplifications have been used. Some
authors neglect the relaxation time resulting in a parabolic system of
partial differential equations. The solution of this system exhibits
infinite speed of propagation of heat signals contradictory to physical
observation. Other authors ignored the inertia effects in a coupled
theory or neglected the coupling effect.

Because of the experimental evidence in support of the finite-
ness of the speed of propagation of a heat wave, generalized
thermo-elasticity theories are more realistic than conventional
thermo-elasticity theories in the treatment of practical problems
involving very short time intervals and high heat fluxes. The
second generalization to the coupled theory of elasticity is what
is known as the theory of thermoelasticity with two relaxation
times. A generalization of this inequality was proposed by Green
and Laws [4]. Green and Lindsay [5] have obtained an explicit
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version of the constitutive equations. This theory is also called the
theory of temperature-rate dependent thermoelasticity and takes
into consideration two relaxation times. Green and Naghdi [6–8]
have also proposed three new formulations of thermoelasticity
based on inequality of entropy balance.

Researches presented in the transient heat transfer analysis of
the infinite cylinders so far are very limited and almost most of
them have ignored the temperature-dependency of the material
properties. The material properties of the medium are taken to be
constant in most of the thermoelasticity problems. However, it is
well known that the physical properties of engineering materials
vary considerably with temperature. The temperature dependency
of material properties should be taken into consideration to obtain
more dependable solution of the problem of thermoelasticity.
Noda [9] has showed that at high temperature the material
properties no longer remain constant and the temperature depen-
dency of material properties affects the thermo-mechanical beha-
vior of the medium. The use of temperature-dependent physical
properties in estimating the thermoelastic response of cylinders
and tubes is assessed by Argeso and Eraslan [10]. In the context of
generalized thermoelasticity theory with one relaxation para-
meter, Mukhopadhyay and Kumar [11] have investigated a pro-
blem of an infinitely long annular cylinder, whose material
properties like modulus of elasticity and thermal conductivity
linearly vary with temperature.

For many practical applications, it is sufficient to consider an
infinite cylinder immersed in an infinite medium, with thermal
surface resistance (contact resistance) at the boundary between
cylinder and surrounding medium. The flow due to an oscillating
cylinder is one of the most important and interesting problems of
motion near oscillating walls. The rotational oscillations of an
infinite cylindrical rod immersed in a Newtonian fluid represent
an example of such case. In addition, the piles used in the
foundations of and the long poles used in high-rise buildings are
considered as infinitely-long cylinders. Some articles that deal with
infinite cylinders are found in the literature (see, e.g., [12–16]).

This article presents the nonlinear transient thermal stress of
temperature-dependent infinite cylinders subjected to a decaying
with time thermal loading. To overcome this problem, the finite
element solution procedure is adopted to extract the results from
the highly nonlinear governing equations. Based on the assump-
tions of temperature-dependent and temperature-independent of
the material properties, numerical results of temperature, displa-
cement and stresses are compared. Moreover, the effect of relaxa-
tion time parameter is also studied.

2. Basic equations

Let us consider an infinitely long annular cylinder of inner radius
a and outer radius b as shown in Fig. 1. The cylinder is subjected
to a thermal field and its material properties and density are
temperature-dependent. The cylindrical polar coordinates (r,θ , z)

are used as coordinates of reference with positive direction on the
z-axis along the axis of the cylinder. The axisymmetric plane strain
problem is considered. The physical quantities are assumed to be
functions of the radial coordinate r and the time t only.

Stress–strain relations may be reduced to express the basic
stresses sr and sθ in terms of their strains εr and εθ and the
temperature field T as

sr ¼ ðλþ2μÞεrþλεθ�γT ;

sθ ¼ λεrþðλþ2μÞεθ�γT ;
ð1Þ

where T ¼ T�T0 and the strains εr and εθ are given by

εr ¼
∂u
∂r
; εθ ¼

u
r
: ð2Þ

The equation of motion in cylindrical coordinates by neglecting
the body force becomes

∂sr

∂r
þ1
r
ðsr�sθÞ ¼ ρ

∂2u
∂t2

: ð3Þ

The heat conduction equation in the absence of the heat source
is given by

K∇2Tþ∂K
∂r

∂T
∂r

¼ K
κ

∂
∂t
þτ0

∂2

∂t2

� �
TþγT0

∂
∂t
þτ0

∂2

∂t2

� �
εkk: ð4Þ

The elastic properties λ and μ, the density ρ, the thermal
conductivity K , and the stress-temperature coefficient γ are all
temperature-dependent. That is

fλ; μ; ρ; K; γgðTÞ ¼ fλ0; μ0; ρ0; K0; γ0ge�βT=T0 ; ð5Þ

where λ0; μ0; ρ0; K0 and γ0 are constants and β is a temperature
parameter. It is to be noted that the case of temperature-
independent is given when β¼ 0.

Therefore, the equation of motion and the heat conduction
equation are given, respectively, by
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∂2u
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þ1
r
∂u
∂r

� u
r2

� �
� β

T0
ðλ0þ2μ0Þ

∂u
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� �
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� �
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∂2u
∂t2

;

ð6Þ

Nomenclature

λ; μ Lamé elastic constants,
sr ;sθ radial and circumferential stresses,
εr ; εθ radial and circumferential strains,
εkk dilatation,
T absolute temperature,
T0 reference temperature,
α coefficient of linear thermal expansion,

γ ¼ ð3λþ2μÞα stress-temperature modulus,
ρ density,
u radial displacement,
τ0 thermal relaxation time parameter,

∇2 ¼ ∂2

∂r2
þ1
r
∂
∂t

Laplace operator,

K thermal conductivity,
κ thermal diffusivity

Fig. 1. Geometry of the infinite cylinder.
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