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a b s t r a c t

Progressive testing methods are required to accurately characterize the yield surface and large-strain
plastic deformation behavior of anisotropic sheet metals. In the current work, hydrostatic bulging
through elliptical dies with various biaxial ratios, coupled with full-field strain mapping, was used to
generate sheet metal yield surface data for commercially-pure titanium and an exhaust grade titanium
alloy. Supplementary characterization was provided by shear tests and tension test specimens taken at
various orientations with respect to the rolling direction. The biaxial and tensile data were used to ca-
librate linear transformation-based anisotropic yield functions. To accurately apply the elliptical bulge
tests results for yield function calibration, it was required to accurately calculate the hoop and long-
itudinal stresses at the pole of the ellipsoidal dome. The optimized yield function coefficients were ca-
librated for anisotropic response of the sheet metals to high levels of plastic deformation, up to 50%.
Finite element simulations using the calibrated yield functions were then shown to provide accurate
predictions of the elliptical bulge tests.

Crown Copyright & 2016 Published by Elsevier Ltd. All rights reserved.

1. Introduction

Increasingly, computational simulations, specifically finite ele-
ment (FE) models, are being used to aid in the development of
forming technologies of lightweight materials. It is important that
material models utilized in FE analysis adequately describe the
deformation response of the material. Many metals display ani-
sotropic plastic deformation, particularly metals with a hexagonal
closed packed crystal structure such as magnesium [1] and tita-
nium alloys [2]. Hexagonal closed packed metals also potentially
exhibit yield asymmetry, in which the material behavior in com-
pression differs from that in tension. Several researchers have
developed yield functions to describe the response of hcp mate-
rials. One of the most widely used yield functions for hcp materials
was developed by [3], and will be referred to as CPB06. Plunkett
et al. [4] extended the CPB06 to CPB06ex2, which essentially
doubled the number of coefficients required to characterize the
shape of the yield surface. The CPB06 yield function requires ca-
libration of six coefficients to describe the deformation response of
the sheet material in the absence of shear stresses at each level of
effective plastic strain of interest. The CPB06ex2 requires the ca-
libration of 12 coefficients at each level of effective plastic strain.
Interpolation is used to obtain the yield surface response between

effective plastic strains [5].
To characterize the anisotropic behavior of a metal several

mechanical tests are required to calibrate the coefficients in the
various yield functions. For sheet metal, important tests are the
uniaxial tensile response in the rolling and transverse directions of
the sheet. Additional tests in the normal, or through thickness,
direction of the sheet can also be useful. The equi-biaxial stress
versus strain curve, for which the shear stress is equal to zero, is
also useful to calibrate the yield function. For an asymmetric
material, compression data is required to calibrate the full yield
surface, particularly in the compression-compression quadrant of
stress space. To obtain compression data on a sheet, the technique
detailed by [6] has been utilized in which the sides of a uniaxial
specimen were constrained to prevent buckling. Effective plastic
strains comparable to those at failure in tensile tests have been
achieved.

Several multi-axial test techniques have been developed to
characterize a materials response under different stress and strain
paths to provide data to aid in the calibration of yield func-
tions. Kuwabara [7] details the stress and strain paths obtained on
high strength steel and aluminum sheet alloys from several multi-
axial tests techniques including the hydraulic bulge test, the
biaxial compression test, biaxial tension tests using cruciform
specimens, and biaxial stress tests with tube bulging. Cruciform
specimens have been utilized to generate data for tension–tension
and tension–compression stress paths. A review of cruciform test
methods has been given by [8]. This test has been useful for
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characterizing anisotropy of sheet metal around the point of initial
yield [9]. However, even with complex cruciform specimen geo-
metries it has been seen that instabilities occur at low levels of
plastic strain leading to premature failure at lows strains [10].
More recent investigations have produced biaxial tensile data at
higher levels of plastic strain. Teaca et al. [11] used biaxial cruci-
form specimens to produce data to generate anisotropic yield
surfaces to about 15% major strain for deep drawing steel and
AA1050 aluminum sheet alloys. Zhang et al. [12] used a biaxial test
to generate data to calibrate an anisotropic yield function for
AA5086 to about 12% major strain. Some of the highest levels of
strain achieved using cruciform specimens have been reported by
[13] for an AA5086 alloy. In this case, about 16% major strain was
measured corresponding to an effective (von Mises) strain of 32%.
Alternatively, tube bulging with end-feeding has been utilized to
produce tension–tension and tension–compression stress states to
higher levels of strain. Kuwabara and Sugawara [14] generated
coefficients for the Yld2000-2d yield function for a 0.7 mm thick
steel sheet that was bent and laser-welded into a tube and pro-
duced yield surface data up to 36% effective plastic strain. The data
generated using the tube bulge test was compared to cruciform
specimen data which was generated up to about 6% effective strain
[14]. One disadvantage of the tube bulge test is that the sheet
needs to be bent and welded into a tube. Mohr [15] developed a
multi-axial test technique that subjected sheet metal to combine
tension and shear loading. The data from the test was used to
characterize the anisotropy of TRIP780 steel sheet to about 10%
effective plastic strain. Recently, Revil-Baudard et al. [16] used
Taylor impact tests to characterize high strain-rate anisotropy of a
high purity α-titanium alloy up to about 20% effective plastic
strain using the CPB06 yield function. The focus of the current
work is on utilizing multi-axial test techniques to describe the
plastic deformation response of the material. However, multi-axial
test techniques are also of interest in the study of the fracture
response of metal. Brünig et al. [17] detail a biaxial cruciform
specimen with notched holes at the center of the specimen that
was used to study damage and fracture under different stress
states.

Although many tests have been developed to characterize an-
isotropy of metal, there is still the requirement to develop tests
techniques to characterize anisotropy at higher levels of effective
strain, specifically for sheet metal. Consequently, the purpose of
the work is to develop a test methodology to characterize biaxial
stress/strain response of sheet metal at high levels of deformation.

Elliptical bulge testing has been utilized for many years to
characterize the failure response of sheet metal under different
strain paths [18]. Rees [19] has shown that the hoop and long-
itudinal stress at the pole of the ellipsoidal dome can be predicted
if the yield function and yield function coefficients are known and
analytical equations were developed based on the Hill48 yield
function. However, there is no data available in literature regard-
ing using the elliptical bulge testing to generate data for yield
function coefficient calibration. This is in part due to the calcula-
tion of the stresses at the pole generated during the elliptical bulge
test. For the equi-biaxial bulge test, the resulting dome is a shell of
revolution and standard equations from thin-membrane shell
theory can be used to calculate the stresses in the dome [20].
Ragab and Habib [21] used equations to calculate the hoop and
longitudinal stresses at the pole of the ellipsoidal dome based on
assumptions reducing the problem to a shell of revolution. These
equations were also utilized by [22] to calculate the effective stress
versus strain behavior from elliptical bulge testing with digital
image correlation (DIC) for a DC04 steel sheet with a thickness of
0.85 mm.

The current work focused on characterizing the yield surface
response of two titanium sheet alloys, specifically during

stretching. Wrought titanium alloys would be expected to have a
strong sheet texture due to their hcp crystal structure leading to
anisotropy as shown by [23] for a high purity titanium disc and by
[2] for a titanium alloy sheet, similar to grade 2. Toussaint et al.
[24] has detailed a yield surface for commercially pure grade 2 ti-
tanium sheet and Zhang [25] detailed a yield surface for a com-
mercially pure titanium sheet, referred to as TA0, both based on
the Hill48 yield function, but biaxial bulge data was not used to
calibrate the yield function coefficients. Recently, Tritschler et al.
[2] presented a yield function for a titanium alloy, comparable
with Grade 2. Tensile and compressive data were utilized to cali-
brate a crystal plasticity model for the hcp material. Together with
the experimental data, predictions from the crystal plasticity
model were used to calibrate coefficients for CPB06ex2 yield
function to effective plastic strain of 20%.

In the current work, the test data is analyzed using the equa-
tions derived from shell theory by [21]. The validity of these
equations for the calculation of stresses at the pole of the bulged
dome are determined by comparing the analytical stresses to
stresses predicted from FE simulations of the elliptical bulge tests.
Once the stresses are adequately predicted from the bulge test, the
stress and strain are used, with supplementary tensile test data, to
calibrate an anisotropic yield function. The calibrated yield func-
tions are then verified by comparing the predicted dome shape
from FE simulations with the measured dome shape from DIC.

The tensile stress versus strain response and corresponding
hardening law used in the models for the titanium alloys is de-
tailed in Section 2, along with the anisotropic yield function. In
Section 3, the elliptical bulge test is described which generates
experimental data in the tension–tension quadrant of strain space
which will be used to calibrate yield function coefficients. Section
4 describes how, in general, to calculate the hoop and longitudinal
stress in the elliptical dome were calculated and Section 5 details
the hoop and longitudinal stress predictions specific to the tita-
nium sheet alloys. The anisotropic yield functions for the two al-
loys are calculated and presented in Section 6. Section 7 details
how the shear coefficients were determined by using the experi-
mental data from tensile tests performed on specimens taken at
various orientations relative to the rolling direction of the sheet
and verified using data from shear test specimens. Finally, the
yield functions are verified in Section 8 by comparing the domes
measured from Digital Image Correction to the domes predicted
from FE models performed using a user-defined subroutine for the
anisotropic yield function.

2. Hardening law and yield function

Two titanium sheets were considered in the current work,
commercially pure titanium (CP-Ti, B265 grade 1) and an exhaust
grade titanium alloy with high temperature strength and oxida-
tion resistance produced by TItanium METals Corporation (TIMET),
which will be referred to as XT-Ti (0.5 Fe, 0.45 Si, 0.15 O, 0.1 C). The
thicknesses for CP-Ti and XT-Ti were 0.92 and 0.93 mm, respec-
tively. Uniaxial tension tests were performed on the CP-Ti and XT-
Ti alloys. For both CP-Ti and XT-Ti tensile tests were performed at
an initial strain-rate of at 0.001 s�1 at orientations of 0°, 22.5°, 45°,
67.5°, and 90° relative to the rolling direction (RD) of the sheet.
The flow stress or hardening rule was based on the true stress
versus true plastic strain response in the RD direction of the sheet.
The hardening rule for the CP-Ti was given by [26],

σ σ ε= − ( − ) ( − ¯ ) ( )A A Bexp 1flow YS
pC

where sYS¼222.4 MPa, A¼1550.7, B¼0.320, C¼0.520. The strain-
rate sensitivity of the CP-Ti alloy was also given in [26] with
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