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a b s t r a c t

The paper concerns a continuous model governed by a ODE system originated by a discrete duopoly
model with bounded rationality, based on constant conjectural variation. The aim of this paper is to show
(i) the existence of an absorbing set in the phase space; (ii) linear stability analysis of the critical points of
the system; (iii) non-linear, global asymptotic stability of equilibrium of constant conjectural variation.
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1. Introduction and the model

The classic model of oligopoly was proposed by the French
mathematician Cournot [9] and dates back to 1838. The oligopoly
market structure showing the action of only two companies is
called duopoly. Duopoly is an intermediate situation between
monopoly and perfect competition, and analytically is a more
complicated case, because an oligopolist must consider not only
the behavior of the costumers, but also that one of the competitors
and their reactions. In duopoly game each duopolist believes that
he can calculate the quantity he should produce in order to
maximize his profits. In the study of duopoly theoretic and rea-
listic problems, the Cournot model and successively the

conjectural variation model proposed by Bowley in 1924 [5] and
later by Frish in 1933 [14] have been generally accepted and
became the two important tools to describe the market behavior:
conventional game theory and conjectural variation model. A
useful summary of the history and of the debate on the conjectural
variations is provided by Giocoli in [15]. Conjectural variation is
referred to the beliefs that one firm has about the way its com-
petitor may react if it varies its output. The firm forms a conjecture
about the variation in the other firm's output that will accompany
any change in its own output. In the classic Cournot model, it is
assumed that each firm treats the output of the other firm as given
when it chooses its output. In this case the conjectural variation
is zero.

Many researchers have paid great attention to the dynamics of
games (see for instance [1–4,11,16]). In fact, they tried to make
theory more realistic, by presenting some various bounded
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rationality behaviors, combining game theory with dynamic sys-
tems and by introducing a delay in terms of bounded rationality.
All these aspects gave birth to the bounded rational dynamic
game. Several types of expectations have been proposed, among
them are naive expectations, adaptive expectations and bounded
rationality. In order to take into account the diffusion in the ter-
ritory whose outputs are in the market, a generalization via a
continuous PDEs system with the self and cross diffusion terms
has been proposed by [25,22]. We recall that the reaction–diffu-
sion systems of PDEs are the best candidates for investigating the
diffusion processes in spatial domains (see for instance convection
in porous media [7,8,10,20], biological systems [6,21], different
non-linear diffusion problems [23,24,13,26–28] and references
therein). In particular, when the outputs are in the market in large
territories, a generalization for the Cournot–Kopel duopoly model
via a continuous PDEs system [25,22], with self and cross diffusion,
has been proposed.

Given a model, economists need to make predictions on the
asymptotic behavior of the system i.e. how the model behaves in
the future. Although the mathematical models represent only an
approximation of the problem (they consider only some variables
that are involved in the phenomenon), they allow to obtain an
estimate for the market development.

Recently, a discrete duopoly model [29], with bounded ratio-
nality based on constant conjectural variation has been proposed.
Precisely, it is assumed that two duopolists X and Y , in the
hypothesis of constant conjectural variation, produce similar pro-
ducts for quantity competition. The firms do not have complete
information or complete rationality behavior, but they know
marginal profit function of constant conjectural variation. This is a
model which utilizes marginal profit function of static constant
conjectural variation to make output decision. The marginal profit
function of conjectural variation of two firms X and Y has the
following form

Πxðx; yÞ ¼ θ1�γy�L1x
Πyðx; yÞ ¼ θ2�γx�L2y

(
ð1Þ

with θi ¼ αi�ci40 (i¼1,2) where ci40 is the marginal cost
function, while αi; Li and γ are positive model parameters. Denoted
by xt and yt the outputs of firms X and Y, respectively, the firms
adjust the output of the next period tþ1 considering marginal
profit function and output of the current period t. When marginal
profit function is positive the output is increased otherwise it is
decreased. One obtains the following discrete system for the two
firms

xtþ1 ¼ xtþaxtðθ1�γyt�L1xtÞ
ytþ1 ¼ ytþνytðθ2�γxt�L2ytÞ

(
ð2Þ

where a40 and ν40 represent the speeds of output adjustment
of two firms. In [29], the local stability of critical points, numerical
simulations, Liapunov exponents and fractal dimensions of strange
attractors are investigated. In the present paper, we generalize (2)
via a continuous ODEs system. Assuming continuous time scales,
denoted by u and v the outputs of the two firms X and Y,
respectively, from (2) the non-linear continuous system for the
evolution of u and v is immediately obtained

du
dt

¼ auðθ1�γv�L1uÞ
dv
dt

¼ νvðθ2�γu�L2vÞ

8>><
>>: ð3Þ

where

ϕ : tARþ-ϕðtÞAR; ϕAfu; vg:

To (3) we append the initial data

uð0Þ ¼ u0; vð0Þ ¼ v0 ð4Þ
with u0; v0 being assigned positive constants.

The aim of the paper is to show

(i) the existence of an absorbing set of the solutions in the
phase plane;

(ii) linear stability analysis of the critical points of the system;
(iii) non-linear, global asymptotic stability of the equilibrium of

constant conjectural variation.

The paper is organized as follows. Section 2 is devoted to the
existence of an absorbing set and uniqueness of the solution.
Critical points of the system are determined in Section 3, linear
stability of equilibria is performed in Section 4 while non-linear
global asymptotic stability of the equilibrium of constant con-
jectural variation is shown in Section 5. Some final comments are
collected in Section 6. The paper ends with an Appendix (Section
7) in which the origin of the function (44) is recalled.

2. Ultimately boundedness (absorbing sets) and uniqueness of
the solution

We remark that the first orthant is invariant. In fact, integrating
(3), one obtains

u¼ u0exp
R t
0 aðθ1�γv�L1uÞ dτ

v¼ v0exp
R t
0 νðθ2�γu�L2vÞ dτ

8<
: ð5Þ

and hence fu040; v040g imply fuðtÞ40; vðtÞ40 8 tZ0g i.e. the
first orthant is invariant.

As is well-known a set A of the phase space (u,v), is an
absorbing set if, denoted by d½ðu; vÞ;A� the distance between ½uðtÞ
; vðtÞ� and A at time t; i.e.

dðtÞ ¼ inf
A
ðju�U j 2þjv�V j 2Þ; ðU ;V ÞAA; ð6Þ

it follows that

(i) A is a global attractor, i.e.

lim
t-1

d½ðu; vÞ;A� ¼ 0; ð7Þ

with ðu0; v0ÞAB, for any open set B⊃A;
ii) A is positively invariant, i.e.

ðu0; v0ÞAA ) ðuðtÞ; vðtÞÞAA; 8 t40: ð8Þ

Theorem 1. Any set containing the rectangle

S¼ ðu; vÞAR2
þ : 0ourθ1

L1
; 0ovrθ2

L2

� �
; ð9Þ

of the phase space is an absorbing set for (3).

Proof. By virtue of (3)1 it follows that

du
dt

¼ auðθ1�γv�L1uÞrauðθ1�L1uÞ ð10Þ

from which, by setting w¼ 1
u
, we obtain

dw
dt

Z�aθ1wþaL1; ð11Þ

and hence, integrating, it follows that

wZw0 e�aθ1tþ L1
θ1

ð1�e�aθ1tÞ: ð12Þ
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