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a b s t r a c t

Cylinders with thin covers are used in high-speed rolling contact industrial applications such as a two-
cylinder soft calender of a paper machine. In this paper, the dynamic behavior of an elastic cylinder cover
is studied using a 1D Pasternak-type foundation model with Kelvin–Voigt damping. The cover is
subjected to a moving point load, which is taken to represent a load resultant due to rolling contact.
Analytical expressions for the natural frequencies, vibration response, wave dispersion relation, total
strain energy and dissipation power of the cover are obtained. To validate the 1D approach, the
calculated natural frequencies and modes are compared to those given by a 2D plane strain finite
element model, and a good agreement is found. The critical load speed at which traveling waves first
appear in the cover is derived for the undamped analytical model on the basis of a resonance condition.
The critical speed is shown to be also the minimum phase velocity of the waves in the cover. When
damping is included, the wave speeds decrease, lowering also slightly the critical speed, which, in
addition, becomes blurred due to the damping. Once a traveling wave has emerged, it remains in the
cover also at supercritical speeds due to a spectrum of resonant speeds induced by wave dispersion.
At supercritical speeds, reinforced resonances are observed when the head and tail of a traveling wave
interact. High shear damping leads to a substantial increase in dissipation power related to heat
generation and rolling resistance of the cover already at subcritical speeds.

& 2014 Elsevier Ltd. All rights reserved.

1. Introduction

Along with the advances in materials science, the development
of cylinder cover materials for rolling contact industrial machines,
for example soft calenders of paper machines, has taken major
steps forward in recent years. The replacement of the traditional
metal-to-metal contact by novel polymers and composites in high-
speed rolling contact applications has proven to be beneficial in
terms of end product quality and modifiability. However, the
covers induce and suffer from detrimental dynamic phenomena
which have not been fully explained yet, let alone dealt with.
Examples of these phenomena are the self-excited vibration
mechanism, barring, which is caused by viscoelastic cover defor-
mations acting as time-delayed feedbacks in a rolling contact
system [1,2], and a contact-induced traveling wave phenomenon
occurring at high rolling speeds, which is the subject of this study.

The study of cylinder cover dynamics constitutes essentially a 2D
plane strain problem where typically a relatively long hard cylinder
with a thin soft cover is rolling in contact with another cylinder. It is
crucial to note that the plane strain feature establishes a fundamental

distinction between covered cylinders and, for example vehicle tires
and flexible train wheels, which are often studied by using ring or
shell models. In other words, the traveling waves in cylinder covers
should not be viewed too closely in terms of other circular structures.

Only a few studies addressing traveling waves in thin cylinder
covers can be found. In a recent paper, Qiu developed a 2D
semianalytical plane strain model for a covered cylinder rolling in
contact with a rigid surface [3]. He calculated the natural frequency
spectrum for the covered cylinder and used the frequencies to
estimate the critical rolling speed at which traveling waves start to
emerge in a cover. To understand the nature of the traveling wave
phenomenon to a deeper extent, we recently utilized a 2D plane
strain finite element (FE) model to study a polymer-covered
cylinder rolling in contact with a steel cylinder [4]. We found that
at the critical speed of the covered cylinder, the minimum speed of
Rayleigh waves in the cover is actually reached and both primary
and secondary Rayleigh waves arise at the leading edge of the
contact area. The superposition of the waves leads to the formation
of a strong traveling wave in the cover. The phenomenon may
be considered as a Rayleigh wave resonance [5]. A similar wave
propagation phenomenon is encountered, for example, when
a high-speed train approaches the Rayleigh wave speed of the
train–track subsoil, see, for example, [6].

The detailed account on the physical characteristics of the
traveling wave phenomenon in a thin cylinder cover under rolling

Contents lists available at ScienceDirect

journal homepage: www.elsevier.com/locate/ijmecsci

International Journal of Mechanical Sciences

http://dx.doi.org/10.1016/j.ijmecsci.2014.03.026
0020-7403/& 2014 Elsevier Ltd. All rights reserved.

n Corresponding author. Tel.: þ358 405272713.
E-mail addresses: anssi.karttunen@aalto.fi (A.T. Karttunen),

raimo.von.hertzen@aalto.fi (R. von Hertzen).

International Journal of Mechanical Sciences 82 (2014) 170–178

www.sciencedirect.com/science/journal/00207403
www.elsevier.com/locate/ijmecsci
http://dx.doi.org/10.1016/j.ijmecsci.2014.03.026
http://dx.doi.org/10.1016/j.ijmecsci.2014.03.026
http://dx.doi.org/10.1016/j.ijmecsci.2014.03.026
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijmecsci.2014.03.026&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijmecsci.2014.03.026&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijmecsci.2014.03.026&domain=pdf
mailto:anssi.karttunen@aalto.fi
mailto:raimo.von.hertzen@aalto.fi
http://dx.doi.org/10.1016/j.ijmecsci.2014.03.026


contact [4] acts as a basis for the current study. The central novel
feature of this paper is that we show how the dynamic 2D plane
strain cover problem can be essentially reduced to 1D. The
development of such a reduced model is motivated by the general
notion that a 1D model should be more convenient to work with
both analytically and computationally than a 2D model.

In more detail, we study traveling waves in a cylinder cover
subjected to a moving constant radial point load using a 1D
Pasternak-type foundation model with Kelvin–Voigt damping. The
cover vibration is investigated using a modal expansion technique and
the wave propagation offers a complementary perspective via wave
dispersion analysis. The natural frequencies and modes calculated
from the 1D analytical model are compared to those given by a 2D
plane strain FE model to show that the 1D model captures the
essential features of the 2D problem. A major outcome from the 1D
approach is that it allows the effortless calculation of the relevant
resonant load speeds, dispersion curves and vibration response unlike
semianalytical [3] or purely numerical methods [4,7–10]. The transient
cover response sheds light on the emergence of traveling waves in the
cover. The calculated steady-state response demonstrates the effect of
cover damping in a detailed manner, showing how the retardation of
the response with respect to the moving load is explained by sub- and
supercritical modes; how the traveling waves emerge in the cover for
different values of cover damping; and how the damping affects the
power dissipation of the cylinder cover at sub- and supercritical
speeds.

2. Theory and physical interpretation

2.1. Equation of motion and vibration response

The system under investigation is depicted schematically in Fig. 1.
The 1D model consists of a non-rotating rigid cylinder with a cover
subjected to a moving radial point load P. In other words, an actual
case of rolling contact is studied as an inverted problem [11].
The effect of the rotation of the cylinder will be discussed later, but
it will turn out that it is not of crucial importance for the current study.
In reality, the load would be a distributed one, but since the contact
area, the nip, is typically relatively small in rolling contact machines, it
is reasonable to present the load resultant as a point force acting at the
load center. The cover is modeled as a Pasternak-type foundation
consisting of a shear layer attached to a Kelvin–Voigt assembly.

When the traveling wave phenomenon takes place under rolling
contact in a 2D system, the dominant modes of vibration are those of
the primary mode family (see Fig. 20 in [4]). Furthermore, at such an
instance, the displacement path of a point near the cover surface due

to a traveling wave (Rayleigh wave) is strongly elliptic with the radial
displacements clearly dominating over the tangential ones. On the
basis of the foregoing, a single-mode approximation is used for the
radial deformation u of the shear layer in the 1D model to capture
the primary mode family, but the tangential deformations are not
taken into account. It will be shown in Section 3.1 that this is a good
approximation of the primary mode family of a 2D model.

The model in Fig. 1 is quite similar to the one by Chatterjee
et al. [12]. Their treatment, however, was largely different from
ours. They used their model to study waves in rotating tires by
formulating a non-linear boundary value contact problem asso-
ciated with steady-state rolling conditions. We employ a circum-
ferentially moving point load catching the essentials of the
traveling wave phenomenon in the cylinder cover. In the follow-
ing, the complete vibration response is derived for the system
of Fig. 1.

The equation of motion in a coordinate system fixed to the
cylinder in terms of the radial displacement u of the shear layer
reads

uttþ
E

ρh2
uþ α

ρh2
ut�

κG
ρR2uθθ�

κβ
ρR2uθθt ¼ Pðθ; tÞ: ð1Þ

Above, E is Young's modulus and G is the shear modulus of the
cover, and α and β are the corresponding strain rate damping
parameters, respectively. The density and thickness of the cover
are ρ and h, respectively. The radius R¼ Rcþh=2 is used to
determine the effective width of a material element. In addition,
we introduce a shape factor κ for the shear layer, which accounts
for the total shear force on the cover layer cross-section similarly
to the shear coefficient of a Timoshenko beam. Thus, in principle,
the shape factor introduces a 2D effect to the model. The value of
the shape factor is determined computationally in Section 3.1 with
the aid of a 2D plane strain FE model. For a moving constant point
load, we have Pðθ; tÞ ¼ P0δðθ�ΩtÞ, where P0 is the load amplitude
and Ω is the angular velocity of the load. The rotational frequency
of the load is f rot ¼Ω=2π. The model description is completed by
the requirement of continuity of the displacement and slope
which leads to

uð0; tÞ ¼ uð2π; tÞ and uθð0; tÞ ¼ uθð2π; tÞ: ð2Þ

Note that the term containing uθθ in Eq. (1) stems from the
Pasternak foundation model and is typical for all shear layer
models. This term couples the adjacent material elements to each
other. For a derivation of the Pasternak foundation model, see [13],
by the aid of which the dynamic equation of motion Eq. (1) can be
easily derived by taking into account the mass of the cover lumped
to the shear layer.

Each natural mode, sin ðnθÞ or cos ðnθÞ, of the free undamped
cover consists of n full waves on the cover circumference, with the
exception of n¼0, which is the breathing mode. As n increases, the
wavelength in a mode decreases. The solution for the moving load
problem can be expanded in terms of the natural modes leading to

uðθ; tÞ ¼ ∑
1

n ¼ 1
½cnðtÞ sin ðnθÞþdnðtÞ cos ðnθÞ�þd0ðtÞ: ð3Þ

By substituting Eq. (3) into Eq. (1), the modal expansion coeffi-
cients cn, dn and d0 can be calculated from the equations

€cnþ2ζnωn _cnþω2
ncn ¼

P0

π
sin ðnΩtÞ; ð4Þ

€dnþ2ζnωn
_dnþω2

ndn ¼
P0

π
cos ðnΩtÞ; ð5Þ

€d0þ2ζ0ω0
_d0þω2

0d0 ¼
P0

2π
; ð6Þ

Fig. 1. 1D Analytical model for a covered cylinder subjected to circumferentially
moving point load P. The cover is modeled as a shear layer attached to a Kelvin–
Voigt base, and u is the radial displacement of the shear layer.
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