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a b s t r a c t

We consider the problem of relaxation of coherency stresses by lattice misfit dislocations, which can be

represented as edge dislocations uniformly distributed along the interface, and can be associated with

the concept of dislocation density according to the mathematical theory of continuous distributions of

dislocations. The orientation of dislocation line density is constrained within the plane of epitaxial layer

and the Burgers vector density within the same plane is considered as a local variable of the problem.

Under the external stress-free conditions the system is then enforced to satisfy the boundary conditions

according to the geometry of the epitaxial film and the substrate together with the corresponding

compatibility conditions. The dislocation density tensor is then connected with the deformation and

rotation tensors and subsequently with the curvature of the system. The closed form solution of the

problem is given for a generic one-dimensional case.

& 2009 Elsevier Ltd. All rights reserved.

1. Introduction

In development and fabrication of electronic devices the growth
of thin semiconductor layers on a bulk substrate is one of the most
important and demanding parts of the process. It has been observed
experimentally that particular growth mode depends on a balance
between the interfacial energies of the substrate and epitaxial layer
and the lattice mismatch between the layers. The stress associated
with misfit strain between the thin sheet and a substrate is the main
source and the driving force for formation of structural defects. The
natural response of the system under such circumstances is the
formation of strain relaxing mechanisms that can have adverse
effects on electronic performance of semiconductor materials. In the
unstrained or relaxed epitaxial film, the substrate and the film retain
their bulk lattice constants and the film is not commensurate with
the substrate. In this case, the mismatch is accommodated locally by
the misfit dislocations where the average spacing between misfit
dislocations depends on the misfit constant. To mathematically
address this phenomenon we consider the problem of relaxation of
coherency stresses by lattice misfit dislocations, which can be

represented as edge dislocations uniformly distributed along the
interface. Such distributions can be associated with the concept of
dislocation density according to the mathematical theory of
continuous distributions of dislocations. The orientation of disloca-
tion density is confined to the plane of epitaxial layer, while density
of the Burgers vector is considered as a local variable of the problem.
Such system is then enforced to satisfy the boundary conditions
according to the geometry of the epitaxial thin film and the substrate
together with the corresponding compatibility conditions. In this
way the dislocation density tensor can be connected with the tensor
of total distortion and consequently with the deformation and
rotation tensors, and at the same time with the curvature of the
system, which originates from the plastic part of the distortion
tensor. We show that dislocation densities in the film and the
substrate have significant influence on the curvature of the system.
The quantitative and qualitative behavior of the flexible bimorph
element depends not only on a misfit dislocation density at the
interface between both phases, but it is also strongly correlated with
elastic heterogeneity of the system. Detailed analysis shows that the
total curvature of a flexible epitaxial system is directly affected by
elastic heterogeneity of the system, which is determined by the
strength of mismatch between elastic constants in the film and in
the substrate. Consequently, the problem of plastic curving of a
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flexible epitaxial system together with determination of correspond-
ing interfacial stress can be addressed and viewed as a part of
structural mechanics problem [18], continuum mechanics problem
[19], phase field problem [20], or interface problem with applied
special asymptotic expansion technique [3].

2. Foundations

Let B denote a material body in R3 where an arbitrary point
x� xðx1; x2; x3ÞAB is referred to a rectangular Cartesian co-
ordinate system with fixed orthonormal basis fê i � ê j ¼ dij;

8ði; jÞAð1;2;3Þg. The symbol dij is Kronecker’s delta and a
summation convention on repeated indices is used throughout
this paper.

2.1. Dislocations

We begin this section with an outline of the necessary parts
from the theory of continuous distributions of dislocations. First,
we give a brief outline of the theory. Here we predominantly
follow Refs. [10,11,13,14,21]. These fundamental notions are
needed in the latter development and application of the theory.

A distortion displacement gradient, or distortion in short, is
defined as

b¼ru¼ bijê i � êj; bij ¼
@uj

@xi
¼ @iuj ¼ uj0 i; ð1Þ

which is generally an asymmetric geometric object, so that by
using the symmetric and skew symmetric part

e¼ 1
2 ðbþbT

Þ; x¼ 1
2ðb� bT

Þ; ð2Þ

the total distortion can be written as

b¼ eþx: ð3Þ

Sometimes it is convenient to introduce a dual of the displace-
ment curl in the form

x̂ ¼ 1
2r � u¼ 1

2eijkojkê i ¼ ôiê i: ð4Þ

The gradient of the dual of antisymmetric part of the distortion
tensor defines the contortion tensor

K¼ x̂r¼ Kmnêm � ên; Kmn ¼
@ôm

@xn
¼ ôm0n ð5Þ

and is also important in the latter development since it defines
torsion or curvature of the system. A mathematical definition of
conditions of compatibility is given as

r � e�r¼ 0: ð6Þ

The equation which defines the Burgers vector b of the dislocation
line as a result of complete encirclement of the singularity of
displacement field u readsI
L

du¼
I
L

dx � b¼ � b: ð7Þ

However, since we are dealing with the theory of continuous
distributions of dislocations, the Burgers vector b should be
understood as a resulting vector of all dislocations which intersect
the transversal surface S

b¼

Z
S

n � adS¼

Z
S

niaik dS

� �
êk; ð8Þ

where a represents a dislocation density tensor. With the help of
Eq. (1) and Stokes’ theorem we obtainI
L

dx � b¼

Z
S

n � ðr � bÞdS: ð9Þ

By comparison among Eqs. (7)–(9) and by considering Eqs. (3), (5)
and (4), after some calculations we observe that the dislocation
density tensor can be written as

a¼ �r � b¼ �r � eþK� TrKI; ð10Þ

which represents a fundamental field equation in continuum
theory of dislocations. If a total distortion due to internal stresses
is split into elastic and plastic part, henceforth designated with
the superscripts E and P, respectively, then the symmetric part of
the total distortion represents the tensor of total deformation, and
we can write

b¼ bE
þbP ; e¼ eEþeP : ð11Þ

The reason for such decomposition is twofold. The elastic
reversible part induces stress according to standard assumptions
of elasticity theory, while plastic irreversible part, as a main cause
of permanent deformation, can be understood in a sense of
eigenstrain theory as a source of internal stress generated by
continuously distributed defects. This leads to self-equilibrated
internal stress distributions in systems under traction-free
boundary conditions without imposed external stresses. Since
the total strain satisfies the conditions of compatibility in contrast
to elastic and plastic part which in general may not fulfill
compatibility conditions individually, from Eq. (6) it follows that

r � ðeEþePÞ � r ¼ 0: ð12Þ

If we consider Eqs. (6), (10) and (11) we can deduce that plastic
distortion can be connected with the dislocation density tensor as

a¼r � bP : ð13Þ

Details of such a derivation can be found in cited literature, [10,11]
in particular.

2.2. Field equations

Momentum balance is given in the form of a divergence free
stress field

r � r¼ 0 ð14Þ

with associated traction free boundary conditions

n � rS ¼ 0: ð15Þ

The elastic part of constitutive relation is governed by Hooke’s law

r¼ C: eE ¼ CijkleE
klê i � êj; ð16Þ

where C in general represents a tensor of spatially heterogeneous
elastic moduli. The stress divergence free and boundary traction
free conditions have an important implication in spatial aver-
aging, namely the stress average over the whole body B of volume
V vanishes

/rS¼
1

V

Z
B
r dB¼ 0: ð17Þ

This result is valid regardless of the origin of internal stresses and
constitutive relations.

3. Strained epitaxial layer

Due to their large importance in technological applications
especially in semiconductor industry, various epitaxial systems
have been investigated in the past. For exhaustive reviews see
[2,4]. In this work, we try to generalize and extend already known
results by establishing a general framework and methodology for
analysis of different types of effects induced by dislocation
distributions in the film, at the interface, and in the substrate,
on overall behavior of the flexible epitaxial system. We consider a
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