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a b s t r a c t

In this paper, using the Lie symmetry analysis method, we study the ill-posed Boussinesq equation
which arises in shallow water waves and non-linear lattices. The similarity reductions and exact
solutions for the equation are obtained. Then the exact analytic solutions are considered by the power
series method, and the physical significance of the solutions is considered from the transformation
group point of view.

& 2015 Elsevier Ltd. All rights reserved.

1. Introduction

In this paper, we study the ill-posed Boussinesq equation

utt ¼ uxxþðu2Þxxþuxxxx: ð1Þ

This equation describes propagation of long waves in shallow
water under gravity [1], in one-dimensional non-linear lattices
and in non-linear strings [2]. It should be noted that the well-
posed Boussinesq equation differs from Eq. (1) only in the sign of
the term containing uxxxx. A numerical scheme using filtering
techniques was applied to solve the ill posed Boussinesq equation
[3]. Besides, filtering and regularization techniques were applied
to Eq. (1) to control growth of errors and to provide better
approximate solutions [4] by introducing the singularly perturbed
Boussinesq equation

ηtt ¼ ηxxþðη2Þxxþηxxxxþϵ2ηxxxxxx; ð2Þ

where ϵ is a small parameter. The double-series perturbation
analysis enabled the recovery of the singularly equation (2) of
which weakly non-local solitary wave solutions were constructed
by using various analytical and numerical methods [5,6].

A wealth of methods have been developed to find exact
physically significant solutions of non-linear partial differential
equations (PDEs). Some of the most important methods are the

inverse scattering method [7], Hirota bilinear method [8], Darboux
and Bäcklund transformations [9], Lie symmetry analysis [10–13],
CK method [14,15], etc. In this paper, we will apply the Lie group
method for solving the ill-posed Boussinesq equation. As is well
known, the Lie group method is a powerful and direct approach to
construct exact solutions of non-linear differential equations.
Furthermore, based on the Lie group method, many other type
of exact solutions of PDE can be obtained, such as the traveling
wave solutions, soliton solutions, and so on.

The main purpose of this paper is to apply the Lie group
analysis method for dealing with symmetries, symmetry reduc-
tions and exact solutions to Eq. (1). The outline of the paper is as
follows: in Section 2, we perform Lie symmetry analysis for Eq. (1);
in Section 3, we discuss the Lie symmetry groups for Eq. (1); in
Section 4, we deal with the similarity reductions for Eq. (1) using
Lie group method and provide exact solutions; in Section 5, the
exact solutions for the reduced equations are obtained by using
the power series method; and in Section 6, we summarize and
remark our paper.

2. Lie symmetry analysis of the ill-posed Boussinesq equation

In this section, we perform Lie symmetry analysis for Eq. (1),
and obtain its infinitesimal generators, commutation table of Lie
algebra.

A symmetry group of a system of differential equations is a
group which transforms solutions of the system to other solutions.
Once one has determined the symmetry group of a system of
differential equations, a number of applications become available.
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Then one can directly use the defining property of such a group
and construct new solutions to the system from known ones.

First of all, let us consider a one-parameter Lie group of
infinitesimal transformation

x-xþϵξðx; t;uÞ; ð3Þ

t-tþϵτðx; t;uÞ; ð4Þ

u-uþϵϕðx; t;uÞ; ð5Þ
with a small parameter ϵ{1. The vector field associated with the
above group of transformations can be written as

V ¼ ξðx; t;uÞ ∂
∂x

þτðx; t;uÞ ∂
∂t
þϕðx; t;uÞ ∂

∂u
: ð6Þ

The symmetry group of Eq. (1) will be generated by the vector
field of the form (6). Applying the fourth prolongation prð4ÞV to
Eq. (1), we find that the coefficient functions ξðx; t;uÞ, τðx; t;uÞ and
ϕðx; t;uÞ must satisfy the symmetry condition

�2uxxϕ�4uxϕ
x�ð2uþ1Þϕxxþϕtt�ϕxxxx ¼ 0; ð7Þ

where ϕx, ϕxx, ϕtt and ϕxxxx are the coefficients of prð4ÞV .
Furthermore, we have

ϕx ¼Dxϕ�uxDxξ�utDxτ; ð8Þ

ϕxx ¼D2
x ðϕ�ξux�τutÞþξuxxxþτuxxt ; ð9Þ

ϕtt ¼D2
t ðϕ�ξux�τutÞþξuxttþτuttt ; ð10Þ

ϕxxxx ¼D4
x ðϕ�ξux�τutÞþξuxxxxxþτuxxxxt ; ð11Þ

where Dx;Dt are the total derivatives with respect to x and t,
respectively.

Substituting (8)–(11) into (7), equating the coefficients of the various
monomials in the first, second and the other order partial derivatives
and various powers of u, we can find the following equations for the
symmetry group of the ill-posed Boussinesq equation:

ξt ¼ ξu ¼ 0; ξx ¼ 1
2 τt ;

τx ¼ τu ¼ 0; τtt ¼ 0;
ϕ¼ �1

2 ð2uþ1Þτt : ð12Þ
Solving the above Eqs. (12), we obtain

oξ¼ 1
2 c1xþc3;

oτ¼ c1tþc2;

ϕ¼ �c1ðuþ1
2 Þ; ð13Þ

where c1, c2 and c3 are arbitrary constants.
Hence the Lie algebra of infinitesimal symmetries of Eq. (1) is

spanned by the following vector fields:

V1 ¼
∂
∂x
; V2 ¼

∂
∂t
; V3 ¼

1
2
x
∂
∂x

þt
∂
∂t
� uþ1

2

� �
∂
∂u

: ð14Þ

It is easy to verify that fV1;V2;V3g is closed under the Lie
bracket. In fact, we have

½V1;V1� ¼ ½V2;V2� ¼ ½V3;V3� ¼ 0;
½V1;V2� ¼ �½V2;V1� ¼ 0;
½V1;V3� ¼ �½V3;V1� ¼ 1

2 V1;

½V2;V3� ¼ �½V3;V2� ¼ V2: ð15Þ
Furthermore, we can compute the adjoint representation of the

vector field. For Eq. (1), we have

AdðexpðϵViÞÞVi ¼ Vi; i¼ 1;2;3;

and

AdðexpðϵV1ÞÞV2 ¼ V2; AdðexpðϵV1ÞÞV3 ¼ V3�
ϵ
2
V1;

AdðexpðϵV2ÞÞV1 ¼ V1;

AdðexpðϵV2ÞÞV3 ¼ V3�ϵV2; AdðexpðϵV3ÞÞV1 ¼ e
ϵ
2V1;

AdðexpðϵV3ÞÞV2 ¼ eϵV2;

where ϵ is an arbitrary constant.
Based on the adjoint representation of the vector field, we

obtain the optimal system of the ill-posed Boussinesq equation as
follows:

fV1;V2;V3;V1þV2g:

Remark 2.1. For obtaining optimal system of subalgebras, we use
discrete transformations: E1 : t ¼ �t, E2 : x ¼ �x.

3. Symmetry groups of the ill-posed Boussinesq equation

In Section 2, we have obtained the infinitesimal symmetries of
Eq. (1). Furthermore, for Eq. (1), the one-parameter groups Gi

generated by the Vi for i¼ 1;2;3 are given in the following:

G1 : ðx; t;uÞ-ðxþϵ; t;uÞ;
G2 : ðx; t;uÞ-ðx; tþϵ;uÞ;
G3 : ðx; t;uÞ-ðxþ1

2 xϵ; tþtϵ;u�ðuþ1
2 ÞϵÞ;

where ϵ is any real number. We observe that G1 is a space
translation, G2 is a time translation, G3 is a genuinely local group
of transformation. They are very important for us to study the
exact solutions of PDEs.

Consequently, if u¼ f ðx; tÞ is a solution of Eq. (1), then
uðiÞði¼ 1;2;3Þ as follows are solutions of Eq. (1) as well

uð1Þ ¼ f ðx�ϵ; tÞ; ð16Þ

uð2Þ ¼ f ðx; t�ϵÞ; ð17Þ

uð3Þ ¼ f ðxeϵ; te�2ϵÞe�2ϵ�1
2 ; ð18Þ

where ϵ is any real number.

4. Symmetry reductions and exact solutions of the ill-posed
Boussinesq equation

Now we deal with the exact solutions for Eq. (1) based on the
symmetry analysis. To do this, a linear combination of infinitesimals
is considered and its corresponding invariants are determined.

(i) For the generator V1 ¼ ∂=∂x, we have the following similarity
variables:

ξ¼ t; ω¼ u;

and the group-invariant solution is ω¼ f ðξÞ, that is
u¼ f ðtÞ: ð19Þ
#Substituting (19) into Eq. (1), we obtain the following reduction
equation:

f ″ ¼ 0; ð20Þ
where f 0 ¼ df =dξ. Therefore, Eq. (1) has a solution u¼ c1tþc2,
where c1; c2 are arbitrary constants.

(ii) For the infinitesimal generator cV1þV2 ¼ c∂=∂xþ∂=∂t,
where c¼0, 1, we have the following similarity variables:

ξ¼ x�ct; ω¼ u;

and the group-invariant solution is ω¼ f ðξÞ, that is
u¼ f ðx�ctÞ: ð21Þ
Substituting (21) into Eq. (1), we obtain the following reduction
equation:

2f 02þð1�c2Þf ″þ2ff ″þ f ð4Þ ¼ 0; ð22Þ
where f 0 ¼ df =dξ.
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